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Abstract. In this paper we extend the results of Robert Seeley concerning 
the complex powers of elliptic pseudodifferential operators and the residues of 
their zeta function to operators acting on vector orbibundles over orbifolds. 

We present the theory of pseudodifferential operators acting on a vector 
orbibundle over an orbifold, construct the zeta function of an elliptic pseudo- 
differential operator and show the existence of a meromorphic extension to C 
with at most simple poles. We give formulas for generalized densities on the 
orbifold whose integrals compute the residues of the zeta function. 
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0. Introduction 

In this paper we extend the results of Robert Seeley concerning the complex 
powers of elliptic pseudodifferential operators and the residues of their zeta func- 
tion to operators acting on vector orbibundles over orbifolds. We present the theory 
of pseudodifferential operators acting on a vector orbibundle over an orbifold, con- 
struct the zeta function of an elliptic pseudodifferential operator and show the 
existence of a meromorphic extension to C with at most simple poles. We give for- 
mulas for generalized densities on the orbifold whose integrals compute the residues 
of the zeta function. 

Recall that a pseudodifferential operator A of order d acting on a hermitian 
vector bundle E ^ M over a Riemannian manifold M of dimension m becomes 
an unbounded operator on the space of sections L?{M\E). If A is an elliptic 
pseudodifferential operator with spectrum in (e, oo) for a sufficiently small e > 0, 
by using the functional calculus one can define the complex powers A**, s £ C, as 

(1) A" ^ ^ ( X'iX- A)-^ dX wheni?e(s)<0 

(where 7 is a contour in the complex plane obtained by joining two parallel half-lines 
to the negative real axis by a circle around the origin) and 

(2) A" = A^'^A^ for Re{s) > 

for a large enough fc G Z that makes s — fc < 0. 

The condition on the spectrum of A can be relaxed; in order to apply the above 
construction, it is sufhcicnt for the spectrum of A to be inside an angle with the 
vertex the origin and away from the negative real axis. 

In particular one can define the complex powers of a selfadjoint positive pseudo- 
differential operator A. Seeley showed in his paper that A* are pseudodiffer- 
ential operators of complex order sd and gave a local description of their symbols. 
For s in the half-plane Re{s) < ^j^, the operators A'* are of trace class. Seeley also 
showed that the zeta function of A defined as 

771 

(3) CA{s)=Tr{A') fori?e(s)<-- 

a 

has a meromorphic extension to the complex plane with at most simple poles at 
"""'"^ , with fee {0, 1, ... } and residues computable as integrals on M of quantities 
that depend only on the total symbol of the operator A. These results will be 
referred to as Seeley Theory. 

An m-dimensional orbifold M is locally the quotient of R™ by a finite group of 
diffeomorphisms F and globally it is the quotient of a manifold M™"'"' by a compact 
Lie group G of dimension q with finite isotropy groups. The dimension of the Lie 
group can be a priori quite large, like for example Hiil^+li Similarly, a rank k 
vector orbibundle E ^ M can be represented locally as the quotient of a rank k 
vector bundle by a finite group of bundle diffeomorphisms F, and globally as the 

quotient of a G vector bundle of rank k, E ^ M, by a compact Lie group G (cf. 



Proposition 2.4 and Theorem p.5| ). We will refer to the local description of the 
orbifolds and orbibundles using the quotient by a finite group F as Perspective 1 
and to the global description using the quotient by a Lie group G as Perspective 2. 

From these perspectives the space of smooth sections in a vector orbibundle can 
be thought of as the space of invariant smooth sections in a genuine vector bundle 
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over a manifold. One defines a pseudodiff'erential operator A in a vector orbibundle 
as an operator acting on the space of invariant sections in E ^ M which is the 
restriction of a F (respectively G) equivariant pseudodifferential operator A acting 

on ^ M. In the case of a finite group F, the operator A is unique up to a 



smoothing operator, cf. Proposition 3.3. If dim{G) > 1 then the operator A which 
induces A is far from being unique. 

For the definition and the discussion of the basic properties of the pseudodif- 
ferential operators we will use perspective 1, while for some global properties and 
spectral theory of the elliptic pseudodifferential operators we will use perspective 2. 
Seeley theory is about elliptic operators which is a global theory. However, to for- 
mulate and prove the results concerning the pseudodifferentiability of the complex 
powers and the residues of the zeta function we use the local theory. Of particular 
importance are the explicit formulae in coordinate charts for the residues of the 
zeta function. This makes clear the need of perspective 1. Nevertheless, the use 
only of perspective 1 to extend Seeley theory in the context of orbibundles and 
orbifolds will require the repetition of the entire theory of elliptic pseudodifferential 
- a rather tedious and very lengthy work. We will considerably short-cut this work 
by the use of perspective 2. However, getting explicit formulae using perspective 
2 would be an almost impossible task because of the large number of parameters 
introduced when constructing the operator A and because of the non-unique na- 
ture of A. In fact even the extension of Seeley theory to incorporate the presence 
of a compact Lie group is rather complicated and very far from providing explicit 



formulas (see [BH 



We give a brief description of the results in our paper. 

In the first section we consider a pseudodifferential operator of classical type A on 
the space of smooth sections of a vector bundle E ^ M endowed with the a smooth 
action of a finite group F such that A commutes with this action and extend Seeley's 
results to this case. This extension, which is of independent interest, is also crucial 
for the study of the pseudodifferential operators acting on vector orbibundles. The 
results are probably implicit in the existing literature, but not explicit enough for 
our needs in connection with the operators acting in orbibundles. 

The F action on E ^ M induces the decomposition: 

(4) C'^{M-E)=^C°°{M-E)i 

1=1 

with C^{M;E)i = V^^}iomr{Vi-C^{M;E)), where {Vi,p^)\^^ is a complete set 
of irreducible representations of F, with pi being the trivial 1-dimensional repre- 
sentation. The F equivariance of A induces the decomposition 



(5) ^ = 0^^ 



with A, : C°°(M; E), C°°{M; E)i. This decompositions will be referred to as the 
decomposition along the irreducible representations of F. We restrict our attention 
to an elliptic positive pseudodifferential A of order > 0. We are interested in the 
traces of the complex powers {A'^)i = [AiY which can be recovered from Tr{A^ - Xy) 
(as prescribed by formula ([Tl|)), where 7^ is the operator by which 7 G F acts on 
C°°(M; E). Although Tj are not pseudodifferential operators, we showed that the 
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trace functional (^A,'y{s) — Tr{A'^ ■ 7^), and therefore (a.i{s) — Tr{Af), defined 
for Re{s) < — ^ can be extended to a meromorphic function on C with at most 
simple poles. We construct a sequence of smooth densities rf^ on the fixed point sets 
M'^ = {x M \jx = x} such that the residue of the meromorphic extension of (^a,^ 
at s = , fc G {0, 1, . . . }, is computed as an integral on of the density 77^ (see 

Theorem |1 .31 and 1.4). Here m = dim{M) and d = ord{A). These densities can be 
interpreted as Dirac-type generalized densities on M(as in |GS|, Chap. VI). For k < 
{dim{M) — dim{M'^)) we have rjj — 0. As a direct consequence we will show that 
the trace functionals CA,i(s) = ^^''(^f) can be extended to meromorphic functions 
with at most simple poles at s = ""^"'"^ , k G {0, 1, ... } and compute the residues 
in Theorem 1.3. Of particular interest is Tr{Al) - the component corresponding to 
the trivial one dimensional representation pi , because the F equivariant operator A 
induces an elliptic pscudodiffcrcntial operator acting on sections of the orbibundle 

E/T ^ M/T which can be identified with Ai. The trace functional Tr{Al) is the 
zeta function of this operator. 

In the second section we present the basic definitions and properties of the orb- 
ifolds and orbibundles. It is a known fact that any orbifold M™ is the quotient 
of a smooth manifold M™+* by a compact Lie group G of dimension q acting on 
M with finite isotropy groups. We complete this result by proving that a vector 

orbibundle E ^ M is the quotient by G of a G vector bundle £■ M in Theorem 



2.5. This will allow us to give a glo bal c haracterization for the spaces of smooth 
sections in orbibundles in Proposition We also describe the space of generalized 
Dirac-type densities on orbifolds and the canonical stratification associated with an 
orbifold structure. 

In the third section we show how one can extend the theory of pseudodiffcr- 
ential operators acting on smooth sections in a vector bundle over a manifold to 
pseudodifferential operators acting on smooth sections in a vector orbibundle over 
an orbifold. The b asic d efiniti ons a nd elementary properties were stated, though 
with some gaps, in |GN1| and [ |GN2| . Next we discuss the complex powers and the 
zeta function of such an operator which is selfajoint and elliptic and extend Seeley 
theory to this context. We show that the zeta function is well defined and has 
a meromorphic extension to the complex plane with at most simple poles located 
at s = ""^^ , k £ {0, 1, . . . }. In Theorem 3/7, using the tools presented in the 
previous sections, we construct a sequence of generalized Dirac-type densities 77^, 

G {0, 1, . . . }, on the base orbifold M and compute the residues of the zeta func- 
tion as integrals of these densities. In Theorem 3.S we reinterpret the computations 
we make as integrals of genuine smooth densities on the strata of the canonical 
stratification of M. 

The results of this paper provide the analytic foundation for the study of indices, 
signatures and torsion for orbifolds equipped with a Riemannian metric (Riemann- 
ian orbifolds), which will provide the topic of a subsequent paper. We recall the 
reader that many of the moduli spaces have a canonical structure of an orbifold 
(rather that manifold) and their topological and geometric invariants are of legiti- 
mate interests. 

Finally, I want to thank D. Burghelea for the help and advice in preparing this 
work. In many respects he is the coauthor of this paper. 



1. F Equivariant Pseudodifferential Operators 
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1.1. r Vector Bundles. 

Definition 1.1. Let (F, •) be a finite group of order |r|. A real or complex smooth 
vector bundle E ^ M endowed with a left smooth V action by bundle isomorphisms 
is called a F vector bundle. 

For each 7 £ F wc have a diffeomorphism t-^ : M ^ M oi the base space and 
a linear isomorphism {T^)x '■ — > E^_^(^^) between the fiber above x and the fiber 
above t^{x). As usual, we will denote t^{x) by 7a;. F acts on the space of sections 
C~(M; E) by (7 • f){x) = {T^)^-i^f{'y-'^x). We wiU denote the action of 7 on the 
space of sections by Xy. 

Example 1. A particular case of a Fq vector bundle is the trivial vector bundle 
U X V ^ U endowed with a product Fq action /i x p on [/ x 1/ and with the 
Fq action ^ on U where : Tq x U U is the restriction of a linear action 
/i : Fq X M™ — > R™ to an open invariant neighborhood of the origin U C and 
p : Fq X y — > y is a linear representation on the vector space V. 

Example 2. If Fq C F is an inclusions of groups, then the bundle T {U xV)^-^ 
F xto is a F vector bundle, with F acting on the total space and base space by 
left translations. 

The following proposition states that any F vector bundle is locally diffeomorphic 
to a F vector bundle as above. 

Proposition 1.1. Let E ^ M be a T vector bundle and x ^ M. Let be the 
isotropy group ofx. Then there exists U aT^ invariant neighborhood ofx in M and 

O a neighborhood of the origin in R™ such that the restriction bundle E\yu F/7 

is isomorphic to the F vector bundle F xr^ (O x ^ F Xr^ O by aT equivariant 
isomorphism. 

The proof of this proposition is elementary and rather standard. For the sake of 
completeness we included it in the Appendix A. 

Let £ M be a F vector bundle. Let (Vi,pi), (V2,p2), (^jPz) be a complete 
set of irreducible non- isomorphic complex representations of F, with pi being the 
trivial one dimensional representation. Then C°° (M; E) decomposes as the direct 
sum of multiples of Vi 

I 

(6) C°°{M;E) = ^C°°{M;E)i 

i=l 

C'=^{M; E), is spanned by submodules of the form h{Vi) where h:Vi^ C°°{M; E) 
are F equivariant maps. We have the isomorphism 

(7) Vi^B.omr{Vi;C'^{M-E))^C°°{M-E)i 

where e is the evaluation map, e(w, 0) = 4>{v). If M is a closed Ricmannian manifold 
endowed with a F invariant metric, and we have a F invariant Hermitian structure 
on the bundle E M, then F acts on the space of integrable sections L'^(M; E), 
and we get an analogous decomposition 

(8) L^{M;E)=^L^M;E)i 

i=l 
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with 

(9) L'{M; E), = V.,® YLomviV,; L^M; E)) 

We will denote by pri the projection on the i*'' factor L'^{M;E)i with respect to 
the above decomposition. 

We will need the following statement that describes the projection pri in terms 
of the action and characters of the group T. 

Proposition 1.2. If Xij i — I, ■ ■ ■ ,1 is the complete set of irreducible characters of 
the group T corresponding to the representations {Vi,pi) and ki — dimcVi are the 
corresponding dimensions, then the projection on the i*'* factor is given by 

(10) p^. = ^^E^»(^"')-^7 

The proof can be foimd in js^, Part 1, Theorem 8. 
1.2. r Equivariant Pseudodifferential Operators. 

Definition 1.2. A pseudodifferential operator A acting on the space of sections 
C°°{M;E) of a r vector bundle is called F equivariant if A commutes with the 
action of T on C'^{M;E) i.e. • A = A • for any 7 e T. 

Throughout this chapter we suppose that A is elliptic F equivariant pseudodif- 
ferential operator of classical type (as described in ||Sh|] , Section 3.7), of positive 
order d. We suppose that tt is an Agmon angle for A, i.e. there exists e > 
such that the spectrum of A is disjoint from the region in the complex plane 
{z\arg{z) e (tt — e,7r + e)} U {z\ \z\ < e}. Then A and all its complex pow- 
ers A", s e C, will preserve the decompositions C°°{M;E) = 0^^^ ; C°°{M;E), 

and L'^{M;E) — L^{M; E)i. Consequently, we can consider the restrictions 

: C^{M;E), C°°{M;E)^ and : L^{M;E)^ L^{M;E), for s e C. The 
goal of this section is the study of the trace of thes e op erators Ca,i(s) — T^i^i)- 



First observe that A? = A^ o pn . Using Proposition |1.2| , we get 



(11) 4^ = ^^x.(7-')^^oT, 

so, in order to study the trace of Af, it is convenient to study the trace of A* o 7^. 
We will show that these operators are of trace class for all complex numbers s in a 
half-plane Re{s) < —K, and that the associated trace function, Tr(A* o 7^), as a 
function of s, has a meromorphic extension to C with at most simple poles. 

Let us fix an element 7 G F and denote hy T = T^, t = t-^ and T = 
respectively the action of 7 on the total space, on the base space and on the space 
of sections of the bundle. Let A'P be the fixed point set of the diffeomorphism t 
and M'^ = IJ^gj be the decomposition in connected components of dimensions 
respectively Ui. Let m = dim(M). 

Theorem 1.3. The operators A'^ o T are of trace class for s in the half-plane 
Re{s) < ^p. The associated zeta function C^^^(s) — Tr{A'^ o T), defined for 
Re{s) < —j^, has a meromorphic continuation to the whole complex plane C with 
at most simple poles at for k £ {0,1,2,...}. One can construct positive 

numbers dj and densities {'77^} for k G {0, 1,2,...} on the submanifolds such 
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that rfl^, — /or k < m — n] and the residue of the function (^a,^ at s — "'^'^ is 
equal to 

(12) res^s^^U, = Y.'^J Vlu 

The details of the proof of this Theorem are contained in Appendix B. We wih 
give the description of the coefficients dj and the densities t]J^, . 

For 7 S r and a connected component of the fixed point set , let x S . 
Using a F invariant metric in the tangent space T{M) one decomposes Tx{M) — 
T^{M^) © T^{Ml)^ and the action of 7 on T^(M) as Id © t. Then we define: 

(13) dj = \det{t~ Id)\-~^. 

The quantity above does not depend on the particular choice of a; £ AI^ and 
decomposition T^{M) = T^{Ml) ® T^{Ml)^ . 

In order to define the densities r/^j, near x G we choose a coordinate chart 
: (0,0) {(j>{0),x) in an open neighborhood (j){0) oi x G M such that the 
induced action of F^; on O C K.™ is given by a linear orthogonal maps. This can be 
realized with the help of a F invariant metric on M and the associated exponential 
map at x. Denote the action of 7 on O by t. Let {xi,X2) be coordinates given 
by this chart, xi e 0*-the fixed point set of t, and X2 G O^. Let (^1,^2) be the 
corresponding coordinates in the cotangent bundle space. Then t — Id(Bt. Observe 
that dj = \det{t — Id)\~'^ . Let as{xi,X2,£,i,^2) be the total symbol of A" in O and 

(14) as{xi,X2,£.2,£.2) ^ ^asM^l'^2,£,l,£,2) 

k>0 

be its asymptotic expansion (as defined in [ ph[ , Section 3.7). The component Og^k 
is homogeneous in (^1, ^2) of degree of homogeneity sd — k. 
Let as,k{xi,w,S,i^2) = as,k{xi, (t - Idy-w, ^i, ^2)- 

Consider the homogeneous symbol bsj{xi, £^1) of degree of homogeneity sd — j 
given by 

(15) &a,,(a:i,6)= E ^iDZdgas,k)ixi,0,^uO) 

\a\+k=j 

Then the density on O* whose integral computes the residue of (^a,j at s = 
is given by 

(16) vl ki^i) = ^-l^'^i bs,n,-ni+kixi,Od'^ oT)dxi iik>m-ni 
d .Is^-^ 

m — TLi 



(17) rfl,^ = if fc < 

Here rii = dim{0^) = dim{M^) and T = T^^x is the map by which 7 acts in the 
fiber Ex above x G A/. The [n ~ 1) form (f^ is the canonical volume form on S^~^ 
induced from R", rescaled by a factor of (27r)^". dxi is the canonical volume form 
on O*. 

Using Theorem ^ and the formula ([ll| ) hnking the operators Al : C°° {M; E)i — > 
C°°(Af ; E)i and A* o 7^, for 7 G F, we can formulate the following theorem 

Theorem 1.4. The operator is of trace class and the trace functional 

(18) CAM^Tr{Al) 
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is a holomorphic function in s on the half-plane Re{s) < The function (^A,i 

has a meromorphic continuation to the whole complex plane with at most simple 



ere 



poles situated at s = for k S {0, 1,2,...}. For each k G {0, 1, 2, ... } th 

exist smooth densities rfl. on the fixed point set set M'' such that the residue of C,A,i 
at s — is equal to 

(19) res^,= ^U, = p E X.(7-') /^^^ 

The smooth density rjj, depends only on a finite number of terms in the asymp- 
totic expansion of the total symbol of the operator and the action of T on a 
neighborhood of . 



Proof. Formula ( |11| ) implies: 

(20) CaA^) = ^^Y.^^{l"')CA,M 



The first part of the statement in the theorem follows directly from Theorem 1.3 



If we define rfl = djrflj^ then (19) is a direct consequence of the equality (|12|) 

□ 

1.3. Dirac-Type Densities on F Manifolds. Let us consider C°°{M) the space 
of smooth functions on a compact manifold M and endow it with the topology of 
uniform convergence together with a finite number of derivatives on M . 

Definition 1.3. Let be a smooth submanifold which is a closed subset of M . A 
smooth density rj on. N defines a continuous functional on the space C°° (M) by 

(21) < r?, / / f\NV for / e C^{M) 

We call such a functional a Dirac-type distribution on M. 

The singular support of this distribution is equal to N if dim(N) < dim{M) and 
it is empty if dim{N) = dim{M). 

li N = AI then a Dirac-type distribution on M is given by smooth density on AI . 
If is a proper subset of M then a Dirac-type distribution on N can be described 
locally by a density that is zero on open sets disjoint from N and by a smooth 
density on N. This will not be a smooth density on M anymore, the singular set 
being exactly N. We call this density a Dirac-type density and denote it with the 
same letter as the smooth density on N. 

If (f) : M M is a diffeomorphism and is a Dirac-type density with singular 
support N, then the push-forward <j)*{vi) is a Dirac-type density associated with the 
smooth density on (t>{N) which is the push-forward of the smooth density rj on N 
by the diffeomorphism i^i^v : N 0(A^). We have the following identity 

(22) <Mv),Mf)>^<vJ> ■ 

Definition 1.4. If F x M — > M is a F smooth manifold, a F Dirac-type density on 
M is a collection of Dirac-type densities rj = {??''' j^er indexed by the elements of the 
group F with singular support respectively the fixed point sets M'^ and such that 
jKt]'') = r;T'T7'-' for any 7, 7' G F (observe that, in general, 7'(M'') = (Mt'''t'"')). 
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Definition 1.5. If r/ ~ {'7'''}^gr is a T Dirac-type density on a F manifold M and 
X = Xi is the character of an irreducible representation of F we define the associated 
distribution by 

(23) <r;^/>=^^x^(7-')- / !\M-<rr 

I I J M'l 



Using the above definitions, Theorem 1.4 can be reformulated as follows: 

Theorem 1.5. Let A he aV equivariant elliptic pseudodijferential operator acting 
on the smooth sections of a T bundles manifold and Ai he the restriction of A to 
the component of the space of sections C°°{M; E) corresponding to the irreducihle 
representation {Vi^pi) with the character Xi- The trace functional C^A,i{s) =Tr{Af) 
defines a holomorphic function on the half-plane Re{s) < which has a mero- 
morphic extension to the whole complex plane with at most simple poles situated 
at s = , for k G {0, 1, 2, ... }. There exists a family {?7fc}^o ''Z ^ Dirac-type 

densities on M with rjk = {'7fc}7er so that the residue of (^A,i o.t s = ^^^^ is equal 
to < ril\l >. 

Proof. We only have to prove the existence of the representation of the residues of 
C,A.i as stated in the theorem. 

For A: e {0, 1, 2, ... } and 7 e F let r/^ be the Dirac-type distribution given by the 
sum of the smooth densities '^vj k ^ach defined on the connected component 
of the fixed point set as described in Theorem 1.3 and by the formulas 
(^, (|l|) and (0). We have -f~^{M^^'^'') = W^' for any 7,7' e F, and after 
a convenient reindexing of the connected components of each fixed point set, we 
can suppose that ^'~^{M^ ) = as well. Then dj"'^ = dj because, as 
defined by formula (^^, they are determinants of two linear maps conjugated by a 
diffeomorphism defined at the tangent space level by 7'. Because the operator A is 
F equivariant, a straightforward computation shows that the smooth densities rjj f, 

and rjj^^ are conjugated by the the map induced at the cotangent space level 
by 7'. Then the collection {rjjA^ev is a F Dirac-type distribution, as described in 



the definition L4. Theorem |F4| states that the residue of Qaa at s = ""^^ is equal 
to 

which can be rewritten as < 77^', 1 >. □ 
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2. Orbifolds and Orbibundles 
2.1. Orbifolds. Let M be a Hausdorff topological space. 

Definition 2.1. An orbifold chart on M is given by 7?. = ([/, F, /z, C/, tt) where U is 
an open set in A/, {/ is an open set in the n-dimensional Euclidean space K", V is 
a finite group, /iiFxC/^iJisa faithful smooth action of F on [/ and ir : U ^ U 
is a continuous map that factors through a homcomorphism 7f from the orbit space 
U /T to U and makes the following diagram commutative: 



TT / 

/ 

J7/F 

The open set U is called a coordinate neighborhood. 

If the group action /i is the restriction of a linear representation of F on R" to a 
neighborhood of the origin \J and x = 7r(0), we call 7^ a linear chart at x. 

Definition 2.2. Two orbifold charts Hi = {UijTi, fii,Ui,Tri), i = 1,2 are called 
compatible if for any two points xt G Ui such that 7ri(i:i) = 7r2(i2) = x € Ui nU2 
there exists a diffeomorphisms h from a neighborhood of xi in [/i to a neighborhood 
of a;2 in U2 such that 7r2 o /i = tti. 




Remark 2.1. If 7^ = (C7, F, /i, [/, tt) is an orbifold chart and x E U, there exist a 
linear orbifold chart TZx at x which is compatible with TZ. The proof follows the 
same idea as the one in the proof of Proposition 1.1, contained in Appendix A. Let 
X G U such that 7r(x) = x and Fj C F be the isotropy group of x. Let be a 
Fj invariant neighborhood of x such that V Ci'y ■ V — $ ioi any 7 G F\Fj. Then 
{VjTx, fJ,,V = 7r(V^),7r|y) is an orbifold chart which is compatible with TZ. The 
linearization of the action of Fj on V gives us an action fi' of Fj on T^{V), the 
tangent space of at i . The exponential map exp : T^{V) — > V associated with a 
Fj invariant metric on V is F^j equivariant. One can choose a smaller V so that exp 
is an equivariant diffeomorphism between a neighborhood of in Tx{V) and V. 
Then (VF, Fj,, /i', V, TTjy o exp) is an linear orbifold chart at x which is compatible 
with TZ. 



Definition 2.3. An orbifold atlas A on M is a collection of compatible orbifold 
charts on M such that the corresponding coordinate neighborhoods form an open 
cover of M. Two orbifold atlases Ai, i — 1,2 on M are compatible if their reunion 
is an orbifold atlas of M. 



Definition 2.4. An orbifold structure on M is given by a maximal orbifold atlas 
A on M. 

Though an orbifold is given by a topological space and a maximal atlas, in 
the future we will drop the atlas from the notation of an orbifold and use only 
the letter designated for the underlying topological space. In order to keep our 
notations simple we will also drop the representation p from the notation of an 
orbifold chart. 
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Example 3. If Vt^ is an open subset of A/, then W inherits an orbifold structure 
whose charts are all orbifold charts ([/, F, U, it) of M for which U C W. 

Example 4. Let M be a differentiable manifold and F a finite group of diffeomor- 
phisms of M. Let tt be the projection map onto the orbit space M/T. Then M/F 
has a canonical orbifold structure (cf. |Q] ) . An atlas of M/T can be obtained as 
follows: let X € M and x S M/T its orbit. Let F^ C F be the isotropy group 
of X. Because F is finite, there exists an open neighborhood U of a; in M which 
is F^ invariant and {/ n 7 • C/ = for 7 e F\F:^:. The set U = U/T^ C M/T is 
an open neighborhood of x. We call a neighborhood like U a slice at x. Choose 

U small enough such that U ^ O C M" is a smooth chart for M. The action of 
the group F can be transported to a smooth action on O via and the collection 
(O, T^, U,Tro(j)~^) is an orbifold chart of M /T. All the charts obtained as above are 



compatible (cf. |Hf|) and the maximal atlas containing them defines the canonical 



orbifold structure on M/T. 

We have a generalization of the previous example: 

Proposition 2.1. Let M be a differentiable manifold and /i : G x Af AI a 

smooth action of a compact Lie group G with finite isotropy groups Gx C G for any 
X G M. Then the quotient topological space M/G has a canonical structure of an 
orbifold. 

Proof. Let us fix a G invariant metric on M. This can be done by averaging any 
metric over the compact group G. 

Let X £ M/G be a point in the quotient space and x £ M such x = Gx. Let Gx 
be the isotropy group at x. Then Gx acts on the tangent space Tx{M) and keeps 
invariant the tangent space Tx{Gx) to the G-orbit of x. Let V C Tx{M) be the 
orthogonal complement of Tx{Gx) in Tx{M), V © Tx{Gx) = Tx{M). Because the 
metric on M is G invariant, Gx will act on V by restriction. Also, all its translations 
gV C Tgx{M) will be Ggx invariant and gV © Tgx{Gx) = Tgx{M). 

Let T{M)\Qx Gx be the restriction of the tangent vector bundle to the orbit 
Gx, and V — > Gx be the subbundle whose fiber above gx is gV. This subbundle 
has a natural G vector bundle structure coming from the action of G on M . 

Let us consider the principal bundle Gx ^ G ^ G/Gx, where Gx acts by right 
translations on G, and the associated vector bundle V ^ G Xq^ V ^ G/Gx. This 
vector bundle has a natural G vector bundle structure, G acting by left translations 
on G and G/Gx. 

The maps ^ : Gxg^V ^ V, (f>(.g, v) = gv and (j) : G/Gx ^ Gx, 4){gGx) = gx give 
a G-equivariant isomorphism ((f>, (p) between the two G vector bundles considered 
above. 

If exp : T{M) — > M is the exponential map associated with the G invariant 
metric on M, then exp realizes a G equivariant diffeomorphism between a neigh- 
borhood U of the zero section in V and an open tubular neighborhood N of the 
orbit Gx in M. Because G is compact one can find an open Gx invariant neigh- 
borhood U of the origin in V such that exp o ^ : G x U ^ N is a G equivariant 
diffeomorphism. We will then take U — $(G x^^ U). Passing to the G-orbit spaces, 
we get a homeomorphism expo $ : (G xq^ U)/G ^ N/G, where N/G is an open 
neighborhood of 3; = Gx in M/G. We will construct an orbifold chart over N/G 
around x. 
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The map t : U ^ G Xq^U, i{u) = (e, u) gives a homeomorphism when passing 
to the orbit spaces I : U/Gx [G xg^U)/G. Denote by tt the composition 

U -^Gxg^U '''^ N ^ N/G. Then ([/, Gx,N/G, tt) is a linear orbifold chart at 
X, where the action oiGx onU <ZV is the restriction of the hnear representation of 
Gx on V. As shown above, the induced map to the orbit spaces 7f : U/Gx — > N/G 
is a homeomorphism. 

We have to show that any two different charts defined as above are compatible. 

Let TZi = {Ui,Gxi, Ni/G,TTi) be two orbifold charts around Xi, i = 1,2. Let 
Ui € Ui such that 7ri(iii) = tt2{u2) = a; G M/G. Then, using the definition 
of TT in the construction of the charts TZi, one can find gi ^ G, i = 1,2 and 
X G M, Gx = X, so that we have expg^xiidiui) = expg^x2{92U2) = x € M. 
By replacing x with gi^x we can assume that gi = e G G. Moreover, the map 
G Xq^ Ui 9 {g,u) expgxiigu) G M is a G equivariant local diffeomorphism, so 
one gets a local G equivariant diffeomorphism ^ between a neighborhood of (e, ui) 
in G Xg^-^ Ui and a neighborhood of (.92,^2) in G Xg.^.-, C^2- The tangent space to 
G XG^.Ui at {gi,Ui) is equal to Tg^{G) ©TuX^i) and the derivative of \l/ will have 
a block decomposition corresponding to this direct sum as T(g^ „j)(^') = [^^]. 
Because G acts by left translations on the first component oi G Xg^ Ui and is G 
equivariant, a straightforward computation shows that A = Id and G = 0, so D is 
a diffeomorphism between T„j(f7i) and Tu^{JJ2). Then there exist neighborhoods 
U'i C Ui of Ui such that the map U[ 3 u ^ pr2 o ^'(e, u) G ?72 ^ diffeomorphism, 
whose derivative at ui is D. Denote this map by h. The horizontal dotted lines in 
the following diagram represent locally defined maps that are local diffeomorphisms: 

(25) GxG.Ui ! -GxG,C/2 




The map pr2 is locally defined in a neighborhood of (52)^2) G G XG2U2 as 
Pi'2{g,'U') = u. Using the fact that the upper triangle, the left and right quadri- 
laterals and the large trapezoid are commutative, we get that tti = 7r2 o /i on a 
neighborhood near m. Because u\ was chosen arbitrarily, we conclude that the 
orbifold charts 7l\ and IZ2 are compatible. 

□ 

Later we will show that any connected orbifold can be obtained as the orbit 
space of a smooth manifold endowed with a smooth action of a compact Lie group. 

Remark 2.2. If M is an orbifold and a; G M consider an orbifold chart {U, F, {/, tt) 

in a neighborhood of x and x £ U such that tt{x) = x. The isomorphism class of 
the isotropy group depends only on x and not on a particular choice of x or 
chart around x. We will denote this isomorphism class by Qx- 
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Definition 2.5. A point x G ill is called smooth if Qx is the isomorphism class of 
the trivial group (1) and it is called singular otherwise. 

We will denote by Afreg the set of regular points of M and by Msmg the set of 
singular points. Mreg is an open and dense subset of M whose induced orbifold 
structure is a genuine manifold structure. 

Definition 2.6. Let M and N be two orbifolds. A map (p : M ^ N is an orbifold 
diffeomorphism if is a homeomorphism and for any orbifold chart TZ = {U, F, U, tt) 
of M, the collection cf){Ti) = [U , (t>{U) , (}> o tt) is an orbifold chart of N and for 
any orbifold chart 7^' = {U' ,T' ,U' ,tt') of iV, (p-^iW) = (f/', T', ^"HC/'), <^-%') is 
an orbifold chart of M. 

To see whether a homeomorphism is a diffcomorphisms one must check that 
(j) and (f)~^ take orbifold charts of an atlas (not necessarily the maximal atlas) into 
orbifold charts. 

Example 5. If M is an orbifold and {U, F, U, tt) is an orbifold chart, then U /T has 
a canonical orbifold structure as described in Example ^ and U has an induced 
orbifold structure from the orbifold structure of M. Then the induced map tt : 
U /r ^ U is an orbifold diffeomorphism. 

Definition 2.7. Let M and N be two orbifolds. A continuous map f : M ^ N 
is smooth if for any x € M one can find orbifold charts TZ — {U, F, U, tt) around x 
and TZ' = {U', F', U', tt') around f{x) and a smooth map f : U U' such that the 
following diagram is commutative: 

(26) 




Remark 2.3. The spaces F*^ with F = R or C have a canonical structure of an 
orbifold, given by the atlas with a unique chart TZ — (F'"',F — (e),F'"',7r = Id). 
Then a continuous map / : Af ^ F'^ is called smooth if it is smooth as a map 
between orbifolds. 

Remark 2.4. If Mi, i = 1,2 are two orbifolds, Ui C Mi are open subsets and 
: [/i ^ [/2 is an orbifold diffeomorphism, then the topological space Mi 11 Af2/ ^ 
where we identify x €z Ui with 4>{x) G U2 has a canonical structure of an orbifold, 
and the inclusion maps Li : Mi AfiIIAf2/ ^ are smooth. An atlas for A/i 111/2/ ^ 
is given by the reunion of two atlases for respectively Mi and A/2- 

This procedure allows us to create an orbifold by gluing orbifold charts along 
orbifold diffeomorphisms. 



We will need the following statement, whose proof can be found in [GN1|, The- 
orem 2.1. 

Proposition 2.2. Let M be a smooth orbifold and {Ua} an open cover of M . Then 
there exists a countable partition of unity {hi, i € N} subordinated to {Ua} such 
that each hi is a smooth function with compact support. 
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2.2. Vector Orbibundles. Let p : E ^ M he a, continuous map between two 
orbifolds. Let F be a fixed vector space over R or C. 

Definition 2.8. A vector orbibundle chart is a collection TZ = (f/, V, F, ?7, H, tt) 
such that (C7,r,[/,7r) is an orbifold chart for M, {IJ xV,T,p~^{U),Il) is an orbifold 
chart for E such that the induced action of F on the trivial vector bundle {U xV ''-^ 
U) is by vector bundle isomorphisms, and the following diagram is commutative: 

u X v—^p'Hu) 

pri 

u — - — 

Though every vector orbibundle chart comes with the actions of a group F on 
U and U X V, for the sake of simplicity we will not show them explicitly in the 
notation of the chart. 

Definition 2.9. A vector orbibundle chart TZ — {IJ, V, F, U, U, tt) is called a linear 
chart at X G M if {U, F, U, tt) is a linear orbifold chart at a; G M with n -.T xU — > f7 
the restriction of a linear representation of F and there exists a linear representation 
p -.V xV ^ V such that the action of F on the trivial bundle IJ xV^^Uis equal 
to the diagonal action fjL® p. 

Definition 2.10. Two vector orbibundle charts TZi = (C/i, V, F^, J7i, Hi, tt^), i = 
1,2, are compatible if for any two points Xi G Ui such that ■k{xi) = 7r(i2) = a; G 
Ui n U2 there exists a neighborhood Wi of xi in f/i, a neighborhood W2 of X2 
in [72 and a vector bundle diffeomorphism {H,h) between (Wi x y Wi) and 
{W2 X F ^ W2) such that 712 o h ~ tti and n2 o iJ = IIi. 

Definition 2.11. A vector orbibundle atlas on E A M is a collection of compatible 
vector orbibundle charts such that the corresponding coordinate neighborhoods of 
M form an open cover of M. A structure of vector orbibundle on E A M IS given 
by a maximal vector orbibundle atlas. 



Using the ideas in the proof of Proposition 1.1 and Remark 2.1, one can prove 
that for any vector orbibundle chart TZ — {U,V,T,U,II,7t) and x E U there exist 
a linear vector orbibundle chart at x, TZx, which is compatible with TZ. As a con- 
sequence, any vector orbibundle has an atlas consisting of linear vector orbibundle 
charts. 

Remark 2.5. A vector orbibundle E A AI is usually not a vector bundle. If a; G 
Msing is a singular point, then p~^{x) might not have a vector space structure. 
If (C/, y, F, J7, n, tt) is a chart around x then p^^{x) is the quotient of V by the 
action of the isotropy group Fj with 7t{x) = x. The isomorphism class of the 
representation of € Gx on V depends only on x and not on a particular choice 
of vector orbibundle chart and x. Denote this isomorphism class by Vx- Then the 
restriction of A M to {x £ M \ Vx is trivial } is a genuine vector bundle. 

Example 6. Let E ^ M he a, smooth vector bundle and suppose the finite group 
F acts on the vector bundle by bundle diffeomorphisms. Denote by 11, resp. tt. 
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n TV 

the canonical projections onto the orbit spaces E E/T and M — > M/V. For 
X G A/, let a; = Fx G M/T be its orbit and F^. the isotropy group of x. Choose 
U &Tg^ invariant neighborhood of x in M, as we did in the Example ^, such that 
UDjU = for 7 G F\Fa;. The group F^; acts by diffeomorphisms on the restriction 
of the initial bundle E^jy — p~^{U) A U and Proposition provides us with a 
linear vector orbibundle chart at x, TZx — (O, E^, T^, U /T^, 11, tt). 

We also have a generalization of the above example, analogous to Proposition 



2.1 



Proposition 2.3. Let E ^ AI be a smooth vector bundle endowed with a smooth 
action of a compact Lie group G such that any x G -M has a finite isotropy group 

Gx C G. Then E /G M/G has a canonical structure of a vector orbibundle. 

Proof. Let us fix a G invariant Riemannian metric on the base space and a G 
invariant linear connection V in the vector bundle. 

For a fixed x = Gx G M/G with x G M, consider, as described in the proof 



of Proposition 2.1, the isotropy group Gx and the direct sum decomposition of 
the tangent space at x as Gx modules V ® Tx{Gx) = Tx{M). Denote by fix ■ 
Gx X V ^ V the action of Gx on the vector space V. Let V Gx be the 
restriction to Gx of the subbundle of the tangent bundle to M whose fiber above 
gx is gV. The map $ : G x^j^ F — > V , v) = gv is G equivariant and realizes 
an isomorphism between the vector bundles G Xg^V G/Gx and V Gx. Let 
U C V he an open Gx invariant neighborhood of the origin such that the map 
G Xq^U ^ {g,u) ^ expo '^(g,u) = expgx{gu) G M is a G equivariant map and 
realizes a diffeomorphism onto its image N . We showed in the proof of Proposition 



2.1 that {U, Gx, N/G, tt) is a linear orbifold chart at x for M/G. We will construct 

a vector orbibundle chart for E/G ^ M/G at x. 

Let V V be the pull-back of the vector bundle E\qx ^ Gx via the natural 

projection map T{M)\qx Gx restricted to V. The vector bundle V ^ V has 
a G vector bundle structure coming from the action of G on E and M; indeed 
V = {{v,Y)\v G V, y G E\Gx with proj{v) = p{Y) G Gx} and .g G G acts by the 
diagonal action g ■ {v,Y) — {gv, gY). 

The group Gx fixes the point x, so it acts on the fiber above a; by a linear 
representation px ■ Gx x Ex ^ Ex- Let Gx act on V x Ex by the product action 
t^x '9 Px- Consider the vector bundle G Xg^{V x Ex) G xq^V with fiber Ex. 
The group G acts on this bundle by left translations. We already showed that 
^ ■ G Xq^V ^ V given by $(5, v) = gv G Vgx is a G equivariant diffeomorphism. 

Let $ : G Xg^ {V x Ex) V defined as <b{g,v,Y) = {gv,gY). Then we have 
the following commutative diagram in which the horizontal maps are G equivariant 
diffeomorphisms 

(27) GxgJV xEx)^ 

pri 

G xg^V ^ V 

Indeed p o ^{g,v,Y) ~ p{gv,gY) — gv = ^ o pri{g,v,Y) = ^{g,v). $ is 
surjective because any («', Y') G V with proj{v') — p{Y) — gx ^ Gx is of the form 
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^{g,g~^v',g^^Y'). Also, if^{g,v,Y) = then proj{gv) ^ proj{g'v') £ 

Gx, so g~^g' — g" G Gx and 5' = gg" . But = g'v' — gg"v' and = 
g'Y' = gg"Y' so i> = g"v', Y = g"Y' with g" G G^,, gg" = g' . We conclude that 

= [g' ,v' ,Y') e G Xq^ (V x E^), so $ is injective as well. The pair 
defines a G equi variant isomorphism of G vector bundles. 

In the proof of Proposition ^ we considered the exponential map exp : V — > 
M with respect to the G invariant metric on M, which realizes a G equivariant 
diffeomorphism between a neighborhood U of the zero section in V — > Gx and A'^-a 
tubular neighborhood of Ga; in M. For v G gV C Tgx{M) and X G Eg^, let s(t), t G 
[0, 1] be the path that realizes the parallel transport in E ^ M with respect to the 
G invariant connection V above the path expgx [tv) G Af , with s(0) = X. Then we 
define exp{v, X) = s(l), exp : V E. The map exp is G equivariant and exp{v, ■) is 
a linear isomorphism. Then the restriction of exp to p~^{lJ) C V together with the 
restriction of exp to Z// give us a G equivariant isomorphism between the restriction 

of the bundle V toU and the G vector bundle E^js^ ^ N. If we choose a small 



enough Gx equivariant neighborhood U of the origin in V as in Proposition 2.1 



the pair of maps {exp, exp) o ($, <I>) gives us a G equivariant isomorphism between 
the G vector bundles G Xg^{U x Ex) ^ G Xq^U and i?|Ar -'^ iV. Passing to the 

G orbits we get a homeomorphism between G Xg^{U x Ex)/G = (U x Ex)/Gx ^-^ 

G XG^U/G = U/Gx and E\n/G = p~\N/G) ^ N/G. 

We will describe a linear vector orbibundle chart around x — Gx G M/G. Let 

L : U ^ G Xq^ U, i{u) — {e,u) and tt be the composition U G Xq_^U "^fl^ 
N N/G. aIso lei I : U X Ex ^ G Xq, [U x Ex), I{u,X) = {e,u,X) and 

n be the composition U x Ex ^ G xgAU x Ex) E\n ^ E\n/G. Then 

([/, Ex,Gx, N/G, n, tt ) is a linear vector orbibundle chart around Gx. 



As in Proposition 2.1, we have to prove that any two vector orbibundle charts 
defined above are compatible. 

Let TZi = {Ui, ExijGxi, Ni/G,Ili,7Ti), i = 1,2 be two vector orbibundle charts 
around Xi. Let Ui G Ui such that 7ri(Mi) = 7r2(M2) = x G M/G. As described in 



Proposition |2.l|, we can find 52 G G and x G M so that expxi (ui) = expg^xi {92U2) = 
X and Gx = x. The maps G xq^. {Ui x Ex^) 9 {g, u, X) 1— » exp o $((7, u,X) G E for 
i = 1, 2 define G equivariant diffeomorphisms. Then one can choose G invariant 
neighborhoods Wi of {gi,Ui) in G xq^ Ui so that the composition of the previous 
diffeomorphisms defines a G equivariant diffeomorphism between |5fj~^(VFi) C 
G Xg^j (C^i x Ex^) and pfj"^(H/2) C G Xg^^ {U2 x Ex^)- ^ induces a G equivariant 
diffeomorphism \1/ between Wi and 1/^2. Using the fact that ^ is G equivariant, one 



can show, as in the proof of Proposition 2.1, that the composition 



(28) H^iUiX Ex, ^ G Xg^^ {Ui x Ex,) ^ G Xq^^ {U2 x Ex,) "-^ U2 x Ex,) 

is a local diffeomorphism which together with the induced local diffeomorphism 
h : Ui ^ U2 between neighborhoods of ui in Ui and U2 in U2 define a vector 
bundle diffeomorphism {H, h) which realizes the compatibility of the charts TZi and 
7^2 in a neighborhood of ui. □ 

Definition 2.12. Let Ei ^ Mi, i = 1,2, be two vector orbibundles. The pair 
($, (j)) defines a vector bundle diffeomorphism if $ : i?i ^ i?2 and (j) ■ -Afi M2 
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are smooth diffeomorphisms, = (ppi, for any vector orbibundle chart 

n = {U, V, r, n, tt) of Ei ^ Mi the collection ($, (j)){']Z) = {U, V, T, (/)([/), $n, 4>tt) 
is a vector orbibundle chart of E2 ^ M2 and for any vector orbibundle chart 
7^' = ([/', \/, r', n', tt') of E2 ^ M2 the collection 

is a vector orbibundle chart of Ei ^ Mi. 

Example 7. li E ^ M is a vector orbibundle and {U, V, T, U, 11, tt) is a chart, then 

{{U X V)/T U /T) is a vector orbibundle which is isomorphic to the restriction 
to U of the initial orbibundle -E|(7 Z7 by an isomorphism induced by (H, tt) to 
the r orbit spaces. 

Definition 2.13. Let Ei ^ Mi, i = 1,2 be two vector orbibundles. The pair 
<p) defines a vector orbibundle morphism if $ : — > £'2 and (f) : Mi — > M2 
are smooth, p2^ = (ppi, and for any x G Mi one can find vector orbibundle charts 
n = {U, V, r, U, n, tt) around x and Tl' = {U' , V, T', U', W , tt') around <j){x) and a 
smooth vector bundle map (!>, 4>) from U xV "-^ U to U' xV ^-^ U' such that 
(n',7r')o($,^) = ($,</.)o(n,7r). 

Remark 2.6. If M^, j = 1, 2 are two vector orbibundles and Ui C Mj are two 
open sets such that there exists a vector orbibundle diffcomorphism c^) between 

Ei\Ui ^ ^1 ^^'i -^2|i7i ^ C^2 then Ei 11 £2/ ~ ^ Mi 11 M2/^ has a canonical 
structure of a vector orbibundle, an atlas being given by the reunion of two atlases 
Ai for Ei ^Mi,i = 1,2. 

In view of the above observation, one can apply to vector orbibundles the usual 
operations that were done on ordinary vector bundles: duality, direct sum, tensor 
product, symmetric and exterior powers. If Ei Mi, z G /, is a collection of 
vector orbibundles and if TZi^a are vector orbibundle charts, then we can apply the 
operations on the vector bundles Ui^a x Vi Ui,a and extend the action of the 
group Fj^Q, to these vector bundles. We will get new vector orbibundle charts and 
the vector orbibundles of orbit spaces associated to these new charts can be glued 
together by diffeomorphisms prescribed by the way the initial vector orbibundle 
charts were glued to yield the initial vector orbibundles. Because the initial spaces 
were Hausdorff, the underlying topological spaces for the resulting orbibundle will 
be Hausdorff as well. 

Example 8. Let M be an orbifold. The tangent vector orbibundle T{M) can be 
constructed starting from an atlas A = (Jli)i. If TZi = {Ui, Fj, Ui, tTj) is an orbifold 
chart, with U c M™, then (C/j, M'", Fj, C/j, tt-, TTi) will be a vector orbibundle chart 
for T{M), where the action of F, on )7 x = T{Ui) is the induced action to the 
tangent space level. The vector orbibundles [/j xR™/Fj ^ Ui/Ti are glued together 
along diffeomorphisms prescribed by the identifications of Ui/T = Ui inside M to 
form the tangent vector orbibundle T{M). 

Definition 2.14. A metric on the orbifold M is a smooth map n : T{M)®T{M) — > 
M such that for each orbifold chart (f/, F, U, tt) the map fi is induced by a F invariant 
metric ft : T{U) ® T{U) R. 

An orbifold endowed with a metric is called a Riemannian orbifold. 
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On any paracompact orbifold one can construct a metric by first defining metrics 
on orbifold charts and tlien gluing them together using a smooth partition of unity. 

Definition 2.15. A hcrmitian structure on a complex vector orbibundle E ^ M 
is given by a smooth map <,>: E ^ E ^ C such that for each vector orbibundle 
chart (f7, V, T, H, tt) there exists a F invariant hermitian structure on {U xV U) 
which induces <, > above U /T = U . 

Remark 2.7. We can think of a vector orbibundle as of a smooth family of linear 
representations of groups E Qx on E^ parameterized hy x G M . Then E^ = 
Ex/^x- A hermitian structure is a smooth family of hermitian products in E^ 
which are Tx invariant and induce <, >x on Ex = Ex/Tx- 

Definition 2.16. Let E ^ M he a, vector orbibundle. A map f : M E is a 

smooth section ii p o f = IcIm and if / is smooth as a map between the orbifolds 
M and E. We will denote the space of smooth sections by C°°{M; E). 

Remark 2.8. If ^ = (7?.^) is a vector orbibundle atlas with TZi = {Ui, V, Ti, Ui, Hi, ni) 
then the vector orbibundles Ui x V/Ti ^ U /Ti and E\u. ^ Ui are isomorphic via 
the map induced by (Jli^'Ki) to the orbit spaces. A map f '■ M — > _E is a smooth 
section if the restriction to each Ui can be identified via the above vector bundle 
diffeomorphisms to sections induced to the Ti orbit spaces by Ti invariant smooth 
sections fi of the Ti vector bundles Ui x V Ui. 



In Proposition 2.3 we showed that starting with a G vector bundle E ^ M 



where the Lie group G acts on M with finite isotropy groups and passing to the G 

orbit spaces we obtain a vector orbibundle E/G ^ M/G. In this case we have a 
global characterization of the smooth sections of the vector orbibundle. 

Proposition 2.4. The canonical map 

(29) Sect{M; E)^ Sect{M/G; E/G) 

identifies the G invariant smooth sections of the G vector bundle E ^ M with the 
smooth sections of the vector orbibundle of G orbits E/G M/G. 

Proof. It is obvious that any G invariant section / e Sect{M; E)^ defines a section 
7 e SectiM/G; E/G) by /(Gx) = Gf{x). 

Let /i and /2 be two G invariant sections in Sect{M; E)'^ which induce equal 
sections = G Sect{M/G; E/G). If /i ^ /2 then there exists x & M such 
that fi{x) ^ f2{x). Nevertheless, /^(a;) = /2(S) G E/G. Then there exists g & G 
such that fi{x) = 5/2(2^) G Ex. But 5/2(3;) = f2(,gx) G Ex so gx = x. So 
fi{x) = fi{g~^x) = g~^fi{x) = 3^^5/2(2;) = f2{x). We reached a contradiction so 
the map Sect{M : E)^ -> Sect{M/G; E/G) is injective. 

Let h G G°°{M/G;E/G) be a smooth section. We need to construct a G in- 
variant smooth section / G G°°{M;E)'^ such that f = h. We will construct / 



from local data. As we showed in Proposition 2.2, the local model of passing from 
a G vector bundle to a vector orbibundle is given by passing from the G vector 

bundle G XG'iU xV) ^ G Xg'U to the vector orbibundle {U x V)/G' ^ U/G'. 
G' C G is a finite group which acts on the left on the open set U C K" and on 
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a vector space V and by right translations on G. The action of G" on G x C/ and 
Gx{UxV)ifi given by g'- (5, -u) = igg'^^.g'u) a,nd g' ■ {g,u,v) = {gg'^^ , gu, gv). In 

fact the vector bundle Gx{UxV) ^GxU is a G' vector bundle whose associated 
vector orbibundle of G' orbits is the local model G Xqi{U xV) ^ G Xq>U , which 
happens to be a genuine vector bundle because the action of G' is free. A section 
h e C^{U/G'; [U X V)/G') is induced by a smooth section h e G°°{U;U x V). 
Let f e C°^{G X U;G X {U X V)) he defined by f{g,u) = {g,h{u)). This is a G 
invariant smooth section which is also G' invariant and it induces a smooth section 
/ e C°°{G Xg'U;G Xg' {U x V)). It is obvious that the map / induces h when 
passing to the G orbit spaces. Because of the first part of the proof such an / 
is unique, so we can glue different sections / to get a global G invariant smooth 
section in G°°{M;E) which will induce h G C°°iM/G] E/G). 

The problem of proving that if / G Sect{M; E)'^ is smooth then its image / G 
Sect{M/G\ E/G) is smooth is a local one. A smooth section / G C°^{Gxg'U;Gxg' 
(UxV)) is induced by a G' invariant smooth section / G C°°{GxU; Gx(U xV))^ . 
If / is G invariant then / is G invariant so there exists a G' smooth section h of the 
G' vector bundle U xV U such that f{g, u) — (5, h{u)). The induced section / 

of the vector orbibundle {U x V)/G' A U/G' is the same as the one induced by h. 
So / is smooth. □ 



Remark 2.9. Let ii' M be a F vector bundle and E ^ M be the associated 
vector orbibundle of F orbits. If C/ C M is an open subset and F' C F a subgroup 
such that U is F' invariant and 7!/ n ?7 = for 7 G F \ F', then A [7 is a 
F' vector bundle and the associated vector orbibundle of F' orbits is a subbundle 
oi E ^ M. Let C/ = C7/F'. Denote by l the inclusion map between the two 
vector orbibundles. u induces a map between the spaces of compactly supported 
sections : C^{U ; E\u) G^{M; E) given by extension by zero on M \ [/ and a 
restriction map t* : G°°(A'f ; E) ^ G°°(C/; E\u). We have G°°(M; E) = G°°iM; Ef 
and G°°{U;E\u) = C°°{U; E^f,)^ . Then the map t* is induced by the restriction 

map C°°{M;E) C°°{U; E^jy). The map between G°°{IJ;E^^) and G°°{M;E) 
is given by 

I 

(30) = ^7,/ 

1=1 

where {71 = 6,72,..., 7;} with Z = [F : F'] is a complete system of left coset 
representatives for F/F', or 

(31) ^*(/)-^E7/ 

for/GG°°(^;^|^)r'. 

2.3. The Representati on Theorem. In this section we will state and prove the 



reciprocal of Proposition 2.3 



Theorem 2.5. Any vector orbibundle E M is isomorphic to the vector orbi- 
bundle of G orbits associated with a G vector bundle E M , with G a compact 
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Lie group acting on M with finite isotropy groups. In particular any orbifold M is 

diffeomorphic to the orbifold of G orbits associated with a G manifold M where the 
action of the compact Lie group G has finite isotropy groups. 



Proof. Let us fix a metric /i on the base space M . Let G = 0{m) be the orthogonal 

group, TO = dim{M). We will describe the orthonormal frame bundle T{M) M. 
We will show that T{M) is a manifold and that the group G acts on it with finite 
isotropy groups. The G vector bundle we need to construct will be essentially the 
pull-back of E ^ M to !F{M) via the canonical projection. 

The description of the space of orthonormal frames uses an atlas A = (TZi) of 
the vector orbibundle E M. Let jli be the Ti invariant metric on Ui C which 
induces the metric /i via the map U^ ^ C/j. Let T{U^) be the space of orthonormal 
frames of C/j. Then the orthogonal group 0{m) acts by right translations on ^(f/j). 
Because the metric fii is Fj invariant, the action of Fj on Ui extends to T{Ui). 
Observe that this action is free. Indeed, if 7 G Fj and (x, X) E T{Ui) such that 
j{x,X) — {x,X) then 7 € Fj, and 7 acts on the tangent space Tx{Ui) as the 
identity map. But the order of 7 is finite so 7 = e e F,. Then the space of 
orbits T{Ui)/Ti is a smooth manifold. The local diffeomorphisms between open 
sets n~^{Ui CiUj) C Ui and TrJ^{Ui CiUj) C Uj preserve the metrics so they will 
induce local diffeomorphisms between J^n~^{Ui Ci Uj) and J^Tr~^{Ui D Uj) and a 
diffeomorphism between their images in (^(C/j))/Fj respectively T{Uj)/Tj. The 
space of orthonormal frames T{M) is obtained by gluing the manifolds {T{Ui))/Ti 
along these diffeomorphisms and it has a natural structure of smooth manifold. 
The right action of 0{m) on J^{Ui) commutes with the action of Fj and with the 
local diffeomorphisms induced between different J^{Ui) and J^{Uj) so we will get an 
induced right action of 0{m) on T(M). 

Let us consider the F^ vector bundle UiXV Ui corresponding to the chart TZi 
and the pull-back to the space of orthonormal frames J^{Ui) xV T{Ui) together 
with the induced left action of the group Fj on it and the right action of group 
0{m). The action of Fj is free and commutes with the action of 0{m) so if we pass 

to the spaces of Fj orbits we got a genuine vector bundle T{Ui) x V/Vi !F{Ui))lTi 
endowed with the action of 0{m). By gluing these vector bundles together using 
diffeomorphisms induced by the identifications made on the initial vector orbibundle 

charts we get an 0{m) vector bundle E J^{M). 

We will show that the action of 0{m) on J^{M) has finite isotropy groups and 
if we pass to the space of 0{m) orbits we get a vector orbibundle isomorphic with 
the initial vector orbibundle E M. 

Any point in T{M) is the Fj orbit of a point (x, X) e J-{Ui) for some index i. 
The group 0{m) acts freely on T{Ui). If g G 0{m) fixes the Fj orbit {x,X) then 
there exists 7 G Fj such that [x, X)g = "/{x, X). This is equivalent to x = 'yx and 
Xg = jX. The group 0{m) acts freely and transitively on the frames at x G C/j. 
The group (rj)^: acts freely on the frames at x G Ui as well. Then the above 
equalities imply that the cardinality of the isotropy group of (x, X) G T{M) with 
respect to the action of 0{m) is equal to the cardinality of the group (rj)^;, which 
is finite. 
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Passing to the vector orbibundle of 0{m) orbit spaces E/0{m) T{M)/0{m) 

can be realized by first passing to the Fj vector bundles x V/0{m) 

J^{U)/0{m) and then gluing together the resulting vector orbibundlcs of Fj or- 
bits. But the r, vector bundles U x V ''-^ U and T{U) x V/0{m) T{U)/0{m) 
are canonically isomorphic and the resulting vector orbibundles obtained by glu- 
ing the vector orbibundles of Fj orbits will be isomorphic, E M and 
E/0{m) ^ T{M)/0{m) are isomorphic. 

□ 

2.4. Sobolev Spaces. Consider the Euclidean space R™ with the canonical scalar 
product {x, y) = "^^^=1 ^iVi ^^'^ the finite group F act on M™ by linear isometrics. 
We have an induced action of F on the space of function on M™ defined by 7/ (a;) = 

For compactly supported smooth functions / G C^iW^) the Fourier trans- 
form / : ^ M is defined by /(O = j e-^<=''^> f{x)dx. Then {'if){Cl = 
J e~'^^'^^/(7~^a;) dx and if we replace x by 'yy we get 



(32) 



(7/)(0 = / e-'<^y^^>f{y)det{^)dy = 

= j e-'<y''^-"^>fiy)dy = f{^-'0 = 7/(0 



(we used the fact that 7 was an isometry and det{'y) = 1). 

This shows that the Fourier transform commutes with the action of F on the 
space of functions. 

For s G R and / G C°°(R'") the Sobolev norm || • ||,s is defined by = 
/(I + \^?y\f iOl^d^ The Sobolev space H,{R"') is the completion of (R™) 
with respect to the norm || • ||s. Because the group F acts by isometrics on R™ 
and the Fourier transform is F equivariant we conclude that the action of F on the 
space of smooth functions preserves the Sobolev norms and extends to an action 
by isometrics on the Sobolev spaces iJs(R'"). The closure of the space of smooth F 
invariant functions C(f(R™)'" coincides with the subspace of F invariant elements 
if,(R'")r = {/ G if,(R™) I 7/ = / for aU 7 G F}. 

In order to define the Sobolev norm of the smooth functions on the orbifold R/F 
it is convenient to replace the Sobolev norm of the F invariant smooth functions 
with an equivalent norm. 

Definition 2.17. For / G C§°(R"'f = Co°°(M'"/F) let ||/||r = ^||/||,. 

The Sobolev space iJs(R™/F) is the completion of C°°(M™/F) with respect to 
the norm || • ||^. 

If [/ C R™ is a F invariant neighborhood of the origin with compact closure let 
H,{U/T) be the closure of C^itJf in H.iR'^/T). 

We observe that H,{M.'^/T) = H,{W^)^. 

Our goal is to define the Sobolev spaces Hs{M) for M a compact orbifold. The 
above definitions will describe the elements of the Sobolev space Hg{M) whose 
support is included in the image of a linear chart {U,T,IJ/T = w{U),'jt). In order 
for this description to be independent of the chosen orbifold chart we need to show 
that the definition of the spaces Hs{tJ /T) is compatible with the following two 
operations occurring in the compatibility of the linear orbifold charts: 
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1. If (/) : J/i — > [/2 is a difFeomorphism intertwining the two linear actions of the 
group r on two open neighborhoods of the origin Ui, i — 1,2 in R™ then the 
two orbifold charts (?7i, F, ?7i/r, tt^), i — 1,2 are compatible with the map (f> 
inducing a diffcomorphism between the orbifolds Ui/T and C/2/r. 

2. li Tx C r is the isotropy group of a; G M™ and V C U is a. invariant 
neighborhood of x such that fl F = for 7 G T\Tx then the restricted 
chart {V,Tx,7T{V),7r^v) and the initial chart {U,T,U/T,Tr) are compatible 
via the canonical inclusion map l : V '—^ U inducing a smooth map between 
the associated orbifolds V/Tx and U/T. 

In the first case the diffcomorphism induces a continuous bijection with a 
continuous inverse between the spaces of smooth functions C^{Ui), for i — 1,2, 
endowed with the Sobolev norms, (cf. Lemma [1.3.3]) and permutes with the 
action of the group F. As a consequence 4> will induce a continuous bijection with 
a continuous inverse between the Sobolev spaces Hs{Ui/T) = Hs{Ui)^ , i — 1,2. 

In the second case the inclusion i : V ^ U induces the map t» : C^(V^)'"^ — ^ 
C^[UY with — J2i=ilif where {7i}f^i is a complete system of left coset 

representatives for T/Tx- We extend the compactly supported function / by zero 
outside V. Then = = ^^^^^J^tilhJWs = ^||/||. = 

So t* induces an isometric embedding of Hs{V/Tx) into Hs{U /T). 

We will need the following statement as well: 

Lemma 2.6. If f G C^{U)^ = C^{U /T) is a compactly supported smooth func- 
tion then the multiplication operator by f is continuous operator on C'^(U/T) en- 
dowed with the Sobolev norm \ \ ■ \ \s. 

Proof. The multiplication operator by / is a continuous map on C^{U) endowed 
with the Sobolev norm || • ||g, being a differential operator of order zero. The the 
restriction to the T invariant smooth functions remains a continuous operator. □ 

We will define the Sobolev spaces Hs{M) for a compact orbifold M. 

Let A — {Ui, Ti,Ui, TTiji be a finite atlas of the orbifold M consisting of linear 
charts and {<j)i)i be a smooth partition of unity associated with the open cover {Ui)i. 
For / e C°°{M) define the Sobolev norm 

(33) ll/ll^(^'^=Ell<('^'/)ll^' 

i 

where ■n*{4)if) £ C^{Ui)^' is the unique F^ invariant map inducing (pif G C°"{Ui). 
As in the case of manifolds, this norm depends on the choice of the atlas and the 
partition of unity, but two different choices lead to two equivalent norms. This is 
a direct consequence of the equivalence of Sobolev norms for equivalent orbifold 
charts as described above and the continuity of the multiplication operators by 
smooth functions. The Sobolev space Hs{M) is the completion of the space of 
smooth functions with respect to any of the norms || • jj^'*''^'''. 

In the case of vector orbibundles, we define the Sobolev norms || • jj^ for the 
local model [U x R'^)/F U/T, wiiMJ C M™, by ||/||^ = ^ I I/I Is where / G 
C^{U/T; {U X M'^)/F)) ^ C^{U; U x R'^f and || • ||s is the usual Sobolev norm re- 
stricted to the F invariant sections. If M is a vector orbibundle, we use a vector 
orbifold atlas and a partition of unity to define the Sobolev norm of smooth sec- 
tions as in the case of smooth functions. All Sobolev norms defined using different 
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atlases and partitions of unity will be equivalent and the Sobolev space Hs{M; E) 
is the completion of C°°{M; E) with respect to any of these equivalent norms. 



Remark 2.10. We showed in Proposition 2.5 that any vector orbibundle E ^ M 



is isomorphic to the associated vector orbibundle of a G vector bundle E ^ M 
with the compact Lie group G acting on M with finite isotropy groups. Then 
C°°{M;E) = C°°{M]E)^. Also Hs{M;E) = H,{M;E)^. To prove this, we use 
a G invariant Sobolev norm || ■ ||s on C°° {M; E). The fact that the restriction of 
the Sobolev norm || • ||s to the G invariant smooth sections is equivalent to the 
Sobolev norm on G°°{M; E) can be seen directly when looking at the local model 

GxG'iU xV) ^Gxg'U and passing to the vector orbibundle {U x V)/G' ^ U/G'. 
Then the completion of C°°{M;E)^ = G°°{M;E) with respect to the induced 
Sobolev norm || • ||s is equal to Hs{M;E). 

2.5. Dirac-Type Densities on Orbifolds. In this chapter we will construct a 
certain family of Dirac-type densities and the associated Dirac-type distributions. 

Definition 2.18. Let TxM — > A/ be a faithful action of a finite group on a smooth 
manifold and M = M/F the associated orbifold. A Dirac-type density 77 on the 
orbifold M is given by a F Dirac-type density {i]'^}~f(zY on the F manifold M. 
The Dirac-type density ij defines a continuous functional on (M) by 

(34) <^'/>=mE [^^J~\m-'^'' 



F, 



where / e Cq'{M)^ induces / G C^{M). We caU the above functional the Dirac- 
type distribution associated with rj. 

We want to extend the above notions to a general orbifold M, which is not the 
quotient of a smooth manifold by a finite group. 

Remark 2.11. Let F^, z = 1, 2 be two isomorphic groups acting respectively on two 
smooth manifolds Mi and M2 as above. Suppose that the actions are conjugated by 
a diffeomorphism ((> : Mi —> Ah- Then the orbifolds Mi = Mi/Fi and M2 = M2/F2 
are diffcomorphic by the diffeomorphism <j) and for any Dirac-type density rji — 
{'n'^}'yeTi on Ml the collection (j)^,{rii) = {4'*{ri'')}feri is a Dirac-type density on M2. 
The corresponding Dirac-type distributions on C^(Mi), i — 1,2 are conjugated by 
the isomorphism induced by (j) between the spaces of smooth functions. 

Remark 2.12. Let 77 be a Dirac-type density on the orbifold M = AI/T. Let U C M 
be an open subset and F' C F a subgroup such that U is F' invariant and jUnU = 
for 7 S F \ F'. Then we have a F equivariant diffeomorphism F Xp' = TU. The 
orbifold U — U /T' is an open suborbifold of M. Denote hy l : U ^ M the inclusion 
map. The restriction of the Dirac-type densities r]"^ on U for 7' G F' define a F' 
Dirac-type density on U and so a Dirac-type density on the orbifold U which we 
denote by i*{ri) or simply rj^jj. Let t* : C^{U) — > C^{M) be the map given by the 
extension by zero on M \ U. Then 

(35) <^uJ>=<V,^*if)> forany/eCo°°(C/) 

Indeed, if / G C^{IJ) induces /, then t^/) = X^Li Ti/, with {71, 72, . . . , 7/} a 
complete system of left coset representatives for F/F', as proved in Remark ^.9|. 
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The left-hand side of (|3^) is equal to 
(36) <V\uJ>^T^ E /. fiu^"^'' 



and the right-hand side is equal to 




(41) =^^(|r'|<,y|C,,/>) = 

' ' i=i 

(42) =<V\uJ> 

Let (j) : Mi/Fi — ^ M2/T2 be a difFeomorphism between two orbifolds. We will 
define the action of (/) on Dirac-type densities. Because is a diffeomorphism, 
there exist open covers {Ui^a}a of the two orbifolds, finite groups Ta acting on 
open subsets Ui^a of the Euclidean space M™ such that Ui^a/^a = Ui^a- The 
diffeomorphism (j) between Ui^a and U2,a is induced by a diffeomorphism 0q : 
Ui^a ^ U2,a which is Ta equivariant. If ry is a Dirac-type density on Mi = Afi/Fi 
then the Dirac-type density (j)*{r]) on M2 — M2/T2 is given locally on each U2.a 
by the Dirac-type density 4'a*{'n\Ui „ )■ Because of the two remarks we made above, 
the Dirac-type distributions associated with 77 and (j)*{v) are conjugated by the 
isomorphism between the spaces of functions induced by 4>. 

Definition 2.19. Let M a smooth orbifold. A Dirac-type density on AI is given 
by a collection of Dirac-type densities rja on the orbifolds Ua = Ua/Ta such that 
4'af3*{Va\UcnUi3) = ^7/9 1 nc/^ j where ipap are the transition maps associated with an 

orbifold atlas A = {Ua,Ta, Ua,1^a)a- 

The distribution associated with the Dirac-type density 77 on M is defined using 
a partition of unity associated with the orbifold atlas; if / G C^{M) then 

(43) < 7?,/ >= E < > 

a 

where {i/'ctja is a partition of unity associated with the above atlas. We will denote 

< riJ >hy Jj^_j fri. 

Definition 2.20. The integral of the Dirac-type density 77 on M is equal to 

< 7^,1 >. 
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2.6. The Canonical Stratification of an Orbifold. The goal of this section to 

describe the canonical stratification iS(Af) of an orbifold M . Let F be a finite group. 
Let 0(r) be the set of equivalence classes of subgroups of F with respect to the 
conjugation relation: Fi ~ r2 if there exists 7 G F such that 7ri7^^ = F2. Denote 
by [F'] the class of F' C F. On 0(F) wc consider the order relation [Fi] ^ [F2] if 
there exists 7 € F such that 7Fi7~^ C F2. Then (0(F), is a partially order set. 

Let F X M ^ M be a faithful action on a manifold M. Let M = M/F be the 
associated orbifold of F orbits. Let 0{M) C 0{V) given by 

(44) 0{M) = {[F'] I there exists xeM such that Fj ~ F'} 

Definition 2.21. 0{M) is called the set of orbit types of M. 

Wc> have the map O : M ^ 0{M) given by 0{x) = [Fj] where .x G M is a 
representative for the class x € M/T. The image of x in 0(M) is called the orbit 
type of X. 

We will define the set of orbit types of a general orbifold M. Let A = (7^a) an 
atlas with TZa = (C/cF^, Ua, T^a)- On the disjoint reunion 0{Ua) we consider 
the equivalence relation generated by [F^ ~ [F^] if F^ = (F„)j^ C Fq, and F^ = 

{^I3)xi3 C F^ where Xa G Ua and G Up are such that TTa{xa) = T^pixp) = 
X G UaCi Ufj. Let 0{M) = lJa<^(^«)/~ be the set of orbit types of M. This 
definition does not depend on the choice of the atlas because any addition of an 
extra chart to A will not change 0{M). There exists a map O : M ^ 0{M) which 
associates to each x G M its orbit type, given by 0{x) = [(Ta)i] where x e Ua 
with TTaix) = X. We have a partial order ^ on 0{M) induced by the partial order 
relations on 0{Uc) C 0(F„). 
For each v G 0{M) let 

(45) M^ = {x€M\ 0{x) = v} 
Observe that is equal to the set of regular points M^eg- 

Lemma 2.7. For any v G 0{M) the set M^, is a smooth submanifold of M. 

Proof. It is sufficient to prove that any point x G has a neighborhood U such 
that Ml, n f/ is a submanifold in U. Let (C/,F, f/, tt) be an linear orbifold chart at 
X, 7r(0) = X. Observe that [F] = v. Then for any y G C/ we have F^ C F = Fq. So 
M[r] nU = 7r(f/^). The fixed point set U^ C U is a submanifold given by linear 
equations on which F acts trivially. Then Mpj fl f/ = C/^ is a smooth submanifold 
oiU. □ 

Definition 2.22. The decomposition 

(46) M= \J 

veO{M) 

is called the canonical stratification on M and will be denoted by S{M). 

A strata M„ is not necessarily connected. Let My = UaM" be the decomposition 
in connected components of M^. 
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Proposition 2.8. Let rj be a Dirac-type density on M. There exist densities 
on the strata such that for any f e Cq° (M) we have: 

(47) <V,f>= / f\M.Vv 

Proof. We will give the construction of the density 77[r'] on a linear orbifold chart 
TZ = {U,r,U,Tr). Let {r]^}^^r be the F Dirac-type density on U that represents 
V\u- 

For F' C F let Uv = {x\x gU and F^ = F'}. Then Ur> is a submanifold of U. 
We have 7r(i7r') = and 7r-^(f/[r']) = Ft/p' = UjerU^r'-y--^ ■ 
We will need the following lemma: 

Lemma 2.9. The restriction of the projection map 

(48) TTir^^, : FC/r' - C/[r'] 
is a covering map with [T : F'] sheets. 

Proof. Fj is locally constant on Ff7r', being either F' or a conjugate of it by an 
element in F. For each x € Uy' one can choose a small neighborhood 1/j of x 
in Up' such that F' acts trivially on Vx and -fVx n = for 7 G F \ F'. Let 
x = 7r{x) and = 7r(Vj). The map Tr^y_ : Vx ^ Vx is a, homeomorphism. For any 
other y = -jx € 7r~^(a;) the map 7r|^y_ : 7Vj — > 14: is a homeomorphism between 
a neighborhood of y and Vx- Observe also that = Tx has exactly [F : F'] 
points. □ 

Let us fix 7 G F. Then = {x\^x = x} is a smooth submanifold of U and 
i/T = y Up, is a stratification of U"'. Then 
7er' 

(49) IJ tJ^, C 

is an open and dense set in U"' {{Uri}a is the decomposition in connected compo- 
nents of Ut')- Let r?p, ^ be the restriction of the density r]'^ to U", and 

(50) r?r',a = ^ ^ 

Let J7p,j = 7r(f/p,). We showed in the previous lemma that tt realizes a local 
diffeomorphism between and U'^iy Let rf^,T^{x) = 7r*(?7r',a)(x) for some x G IJ", 
such that tt{x) = x. This definition is independent of the choice of x and of 
F' C F. Indeed, let 7 G F be such that 7F'7~^ is another representative for [F'j and 
Tr{'yx) = x. After a reordering of the indices a we can suppose that C/"p,^_i = 'yU^'- 
Because {??'•'' is a F Dirac-type density on U we have V-yr-y-'^, a{l^) = 7*(^r',a(a;)) 
and because tt commutes with the action of F on C/ we get the independence of 
77[r'] (a;) of the choices we made. 

If 77p,j was not defined on U^,-^ because there were no 7 e F such that Lf^, is an 
open submanifold in U^, we take ry^/j = 0. 
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We define ?7[r'] on M^^'] to be the density whose restriction to J7jp,j is equal to 
iJfT'] ■ need to show that 

(51) <7?,/>= I fl^Wnn forany/eCo"(M). 

[r']eO(Af) -^^'V'] 

It is sufficient to prove this for f eCg°{U). If f E C^iU)^ is such that f ^ nf 
then 



(53) =T^,T.( Y. f /.#.,<.) 



7er r'3f 

dim{U'^ )—dim{U^, ) 



(54) =W\ T.( E i f^'r-J = 

dim{U'^ ) — dim{U'^i ) 

(55) =M E (E Lnr\vr',c.))= (by®) 

(56) "Tf^ E / /V',a= X! / ^''[r'l 

which is equal to the right side of (^l|). In the last step we used the fact that 
TT : 7r~^(f7jp,]) — > t/jp,j is a covering map with [T : T'] leaves. □ 
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3. PSEUDODIFFERENTIAL OPERATORS IN ORBIBUNDLES 

3.1. Pseudodifferential Operators — The Local Model. We remind the reader 

that locally any vector orbibundle over an orbifold is obtained as F orbits of a F 
vector bundle, with F finite. We begin by analyzing the case where F acts freely on 
a vector bundle E ^ M, in which case the associated vector orbibundle of F orbits 

E/T ^ B/T is a genuine vector bundle over a manifold. Let R : C°°{M;E) 
C'^{M/r;E/T) be defined as 

(57) R{f) {x) = -^S2J{x) for / e (M; E) and x e M/T 

and / : C°°(M/F; E/T) C°°(M; E) by 

(58) Hf){x) eE^ for / e C°°(M/F; E/T) and .x G M 

where v € E^ is such that f{Tx) = Tv. v is unique in p~^{x) = E^ because the 
action of T is free. I identifies C°° {M/T; E/T) with the space of T invariant sections 
C°°{M;E)^ and then R is the averaging operator over the group F. Obviously, 
R - 1 = Id and I ■ R is the averaging operator over the group F. If we endow the 
quotient vector bundle with the trivial F action then both R and I are F equivariant. 

Let '^{M ; E) and ^{M/T; E/T) be the spaces of pseudodifferential operators on 
C°°{M;E) respectively C°°{M/T; E/T). Let R : '^{M;E) *(M/F;£;/F) given 

by 

(59) R{A) = RAI for A e *(M; E) 

R{A) is a pseudodifferential operator acting on C°°{M/T; E/T). To see this, ob- 
serve that if the distributional kernel of the operator A is equal to KA{x,y) then 
the distributional kernel of R{A) is given by the formula 

(60) Kr^a) {x, y) = ^ Y^KA^ 

yey 

In a coordinate chart {U, (p) the total symbol of the operator R{A) is given by 

(61) = |^X]^(^'^) 

where a{x, ^) is the total symbol of A in the chart {p~^U, cfyp) . If B is the average of A 

with respect to the action of F by conjugation on ^{M; E), B = T^-y^r 7^7~^) 

then R{A) = R{B). Moreover, R{B) can be seen as the restriction of the F 
invariant operator B to C'^{M;E)^ = C~(M/F; £;/F). 

Lemma 3.1. There exists a T equivariant operator I : ^'(M/F;£'/F) — » ^'(M;iJ) 

so that RI = Id on -^{M/T^E/T). 

Proof. If we define I by I{A) = lAR then RI = Id, but lAR will not be, in 
general, a pseudodifferential operator, unless A is smoothing and then the smooth 
kernel Ki(a) of I{A) is defined uniquely by Kj(^A){x,y) = Ka^x.I)). 

We will define I using a partition of unity of M/T with smooth functions {^aIasA 
subordinated to a cover of M/T with coordinate chart neighborhoods {Ui)i^i which 
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are slices with respect to the F action on M. We will choose (f>x so that for A, A' G A 
at least one of the following conditions holds: 

(i) supp{(f)x) n supp{(f)x') = 

(ii) supp{(f)\) U supp{4>y) is included in the same coordinate neighborhood. 

If A e $(M/r;£;/r) then A = Ea,a' '?^A^(/'A'. Denote Ax\- = (l)xA(f)x- . We will 
define I\\'{A) = I{Axy) and then / = Y.\,\' -^aa'- 

If supp{<f)\) n supp{(f)\i) = 0, then A\x is smoothing and we define I\x{A) = 
lAxyR. 

Otherwise, choose i G / such that supp{4>x) U supp{4>\i) C Ui. Because Ui is a 
slice, its preimage Ui C M can be identified with V xUi endowed with the F action 
by left translations. We have the induced T equivariant isomorphism 

(62) C^{U,-E^^^)^TxC^{U,-E/T\ud 

The operator ^^a' is localized above Ui and we define I{Axy) E '^{Ui, E^q,) to 
be the block-diagonal operator with diagonal cells equal to Axy , where the block 
representation is with respect to the decomposition given by the isomorphism (|62[). 
Then I {Aw) is a F invariant pseudodifferential operator on C°° (M; E) localized 

above C/j and iiJ(^AA' ) = ^aa' • 

Define I to be the sum ^ Then RI = Id and Im{I) is a subset of the 
F equivariant pseudodifferential operators in C°°(M; E). So 7 is F equivariant. □ 

Thus every pseudodifferential operator A in C°"{Ad /T\E /T) can be represented 
by the restriction to the F invariant sections of a F equivariant pseudodifferential 
operator in C°°{M ; E) given by I {A). 

Remark 3.1. In the presence of the action of another finite group F' on the vector 
bundle E M which is free and commutes with the action of F, we have an induced 
natural action of F' on the quotient vector bundle E/V M/T: 7' e F' acts on Fa; 
by 7'Fa; — T"f'x. This induced action might not be free. The maps R and / between 
the spaces of smooth sections in the two vector bundles are F' equivariant. Indeed, 
the F' action on the F invariant sections is the restriction of the F' action on all 
sections, and because R and / are essentially the projection onto the F invariant 
sections and the inclusion of the invariant sections into the space of all sections, the 
two maps are F' equivariant. As a consequence, R is F' invariant. The components 
7a, A' of 7 for supp[(j)\) n supp{4>\') = are F' equivariant as well. To show that 
I\^x' are F' equivariant for supp{(j)\)\Jsupp((j)y ) C Ui for a slice Ui C M/T, observe 
that the identification of the preimage Ui C M of Ui with T x Ui is F' equivariant 
as well. The map 7;^ >,/ from ^{Ui, E^jj.) to \E'(C/i; E^fy ) given by the block-diagonal 
construction as above is F' equivariant. So 7 is F' equivariant. 

We will use the above facts to define the pseudodifferential operators acting on 
the space of smooth sections of a vector orbibundle. We will start with the local 
construction. 

Let JJ X V C/beaF vector bundle, with F a finite group. Suppose that 
U C K™ is an open subset with compact closure. The group F acts on the space of 
sections C°°{U, U x V). Let F act on the space of operators on C°°{U, U x V) hy 
conjugation: if A is an operator then {■yA){f ) = 7^(7"^/) for any / G C^(U, U x 
V) and 7 e F. 

Let {U X V)/T ^"^ tj /F be the associated vector orbibundle. 
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Definition 3.1. An operator A acting on C5"(C//r; (C/ x y)/r) = C^{U;UxVf 
is called a pseudodifferential operator if A is the restriction to the F invariant 
sections of a F invariant pseudodifferential operator A acting on C^{U; U x V). 



We will show later in Proposition 3.3, in a greater generality, that the operator A 
whose restriction to the invariant sections is equal to A is unique up to smoothing 
operators. 

We define the order of A to be equal to the order of A. We denote the space 
of pseudodifferential operators of order d by '^'^{U/T; {U x V)/T) or simply by '^'^ 
and the space of all pseudodifferential operators by ^E*. The space \I' is a filtered 
algebra with respect to the composition of operators, where the filtration is given 
by the degree of the operators. An operator A is smoothing if the operator A is 
smoothing. The space of smoothing operators will be denoted by ^E*""". 

Definition 3.2. A is called a classical pseudodifferential operator if A is classical. 



(as described in |Sb], Section 3.7) 



Let a{x,£) be the total symbol of ^. a is a section of the pull-back of the endo- 
morphism vector bundle to the tangent space, a G C°°{T*{U),T*{U) x End{V)). 
The principal symbol ipr is a section of the same vector bundle. The group F acts 
naturally on the vector bundle T*{U) x End{V) T*(fi). Then F acts on the 
sections of this vector bundle and jdpr is the principal symbol of the operator jA 
(cf. Lemma 1.1.3 [^J). This is the direct consequence of the invariance of the 
principal symbol with respect to changes of coordinates. Because A is F invariant 
we conclude that dpr is a F invariant section so it defines a smooth section in the 

vector orbibundle {tj x EndV)/T ^ U /F. Because A is unique up to smoothing 
operators, CLpr depends only on A and will be called the principal symbol of the 
operator A. 

In the case when the F action on the vector bundle U x V ^ U is given by 
the restriction to {/ C M™ of a linear action of F on R™ and by a F representation 
p : T X V V , we will be able to define the total symbol of the pseudodifferential 
operator A. This is the consequence of the invariance of the total symbol of A with 
respect to linear changes of coordinates. The total symbol of A is the given by 
a e C|°((T*(t/) X V)/r;T*{U)) and is unique up to a smoothing symbol. 

If A is classical and 

(63) d{x,£,) r^^dd-t{x,^) 

i>0 

is an asymptotic expansion of the total symbol with d{x,^)d-i being homogeneous 
symbols of degree of homogeneity d — i, then each homogeneous component is 
F invariant and will define the homogeneous component ad-i of the asymptotic 
expansion of the total symbol of the operator A. The formal sum in the right-hand 
side of the equality ( |63| ) is called the asymptotic symbol of the operator A. 

If a pseudodifferential operator A of order d acts on the sections of the vector 

orbibundle {U x V)/r 'U U/T then, as in the case of genuine vector bundles, 
it extends to a continuous operator between Sobolev spaces A : Hs{U/T;{U x 



V)/T) Hs-d{U/T; [U x V)/T) (cf. Lemma 1.2.1 [Gi|) 



Remark 3.2. If A e 5' °° then there exists a F invariant smoothing operator A 
whose restriction to the F invariant sections is equal to A. Because 7 A = A'y for all 
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7 G r, the kernel K{x,y) of A satisfies the equahty 'yK{'y~^x,'y~^y) = K{x,y) so 
it defines a T invariant section in the veetor bundle (U x tj) x End(y) ^ {U xU). 
Here F acts by the diagonal action onU x U. If we define 

(64) K'{x,y) = -^^-tKix,^-'y) 

then K' is the kernel of the T invariant smoothing operator A' = ^ X^-ygr ^7 whose 
restriction to the F invariant sections induces A. K' defines a F x F invariant smooth 
section of the vector bundle {U x U) x End{V) ^-^ {U xU) where F x F acts by the 
product action on U x U. Then U x U /T x T ^ U x U and K' defines a smooth 
section of the endomorphism vector orbibundle {U xU) x End(V)/F xT^-^ U xU 
which will be the smooth kernel of the operator A. 



Definition 3.3. The pseudodifferential operator A of order d is called elliptic above 
an open set C/i C J7/F if the operator A is elliptic above the preimage of Ui in U. 

Let Ui C U he the preimage oi Ui. The above definition implies the existence 
of a parametrix B' for A above Ui. Then B = J2-yer lB'^~^ is a F invariant 
parametrix for A and defines a parametrix B G for A, BA — Id € 

AB-Id€^-°°. 

3.2. Pseudodifferential Operators in Orbibundles. Let ^ M be a vector 
orbibundle and ^ be a linear operator acting on the space of smooth sections 
C°°{M;E). If 7^ = {U, V, T,U,U,t:) is an orbibundle chart for ^ M above 
U C M then UxV^U is aV vector bundle and passing to the orbit space yields 
the orbibundle U x V/T ^ U/T. This orbibundle is isomorphic to the restriction 
of E ^ M to U via the orbibundle map (H, tt): 

U X V/T > E\u 

Wi 

u/r- -_ - 

The orbibundle E ^ M can be covered by such orbibundle maps. 

Let 4> and ip two smooth functions on M such that their support is included in 
U. We will denote by the same letter the multiplication operator by the respective 
functions. Then the operator (/) o A o ip has support in U and takes sections with 
support in U to sections with support in U. Using the orbibundle isomorphism n, 
one can define the operator A-ji acting on the sections of U x V/T U/T as 

(65) Anf = 7r{<P°A°i^)Tf~'f- 



Definition 3.4. yl is a pseudodifferential operator if Ajz is a pseudodifferential 

operator for any orbibundle chart TZ. 

In order for the previous definition to be consistent, we need to show that this 
property is independent of the choice of a chart. More precisely: 
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Proposition 3.2. Let Ei ^ Mi be two vector bundles, i = 1,2, such that the 
corresponding orbibundles are isomorphic via an isomorphism {T,t). Let Ai be an 
operator acting on sections of Ei/Ti ^ Mi/Fi and A2 = {T,t)t, o Ai o {T,t)* the 
corresponding operator acting on E2/T2 ^ M2/1^2- 

Then there exists a Fi equivariant pseudodifferential operator Ai acting on sec- 
tions of El Ml whose restriction to Fi invariant sections is equal to Ai if and 
only if there exists a F2 equivariant pseudodifferential operator A2 acting on sections 
of E2 ^ M2 whose restriction to F2 invariant sections is equal to A2 . 

Proof. For each Xi S Mi/Ti such that t{xi) = X2 choose Xi £ Mi with 7ri(xi) = 
Xi- Because the orbibundles are isomorphic, there exists a group isomorphism a 
between (Fi)£;-the corresponding isotropy groups of Xi in F^ and one can find 
neighborhoods Wi of Xi in Mj which are (Fj)j. invariant and an a-equivariant 
bundle diffeomorphism {L, I) that makes the following diagram commutative: 





Mi/F 



M2/F2 



Let {(j)x}x^A be a partition of unity of Mi/Ti subordinated to the open cover 
Wi/{Ti)^. (because Mi/Ti are diffeomorphic and the diffeomorphism t permutes the 
two open covers, we will denote the two partition of unity with the same letters, 
thought we will refer to functions on two different, but diffeomorphic orbifolds). 
We can choose this partition so that for any A, A' € A at least one of the following 
conditions holds: 

(i) supp{(j)x) C Wi/(r,)5,, supp{4>x') C #'i/(Fi)a, and 

m/(Fi)£. n^V(r.)s: =0 

(ii) supp{4>x) U supp{(f)x') C Wj/(Fi)j,. 

We will show only one implication of the proposition, the other implication can be 
proved similarly. Let Ai be a Fi equivariant pseudodifferential operator acting on 
the smooth sections of Ei ^ Mi whose restriction to the invariant sections is equal 
to Ai. We will construct a lift A2 as required in the proposition. 
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Because 



(67) E '^^^1 



A' 

and because a lift for the operator (j)xAi(j)x' is provided by (j)\Ai(j)xi , we reduced 
our problem to the operators of the form (j)xAi(j)x' which we will denote by {Ai)x^x' 
for simplicity (we denoted by (j> the lift of the smooth function cf)) . Denote the lifts 
0A^i0A' by {Ai)x.\'- In the first case the operator (^i)a,a' is smoothing. In the 
second case the operator (Ai)a,a' is localized to the open set Fi •W'l = Fi x (ro^j Wi. 
We will treat the two cases separately. 
In the first case define: 

(68) Ai = ^(ii)AA'7 

7eri 

Because {Ai)xx' was smoothing and Fi equivariant, Ai is smoothing and Fi bi- 
invariant: 

(69) fiAi — Aiv — Ax for any /x, i/ e Fi 

Moreover Ai induces the same operator {Ai)x\' at the orbibundle level because its 
action on the Fi invariant sections is not changed. If we chooose a Fi invariant 
metric on Mi then the kernel Ki(x,y) of the operator Ai is a smooth section in 
C°°{Mi X Mi;End(i?i)) and because of the equalities ( |6S| ) it satisfies the condition 
fiKi{^^^x,y) = iyK{x,h'^^y) for all /i, G Fi. This implies that Ki is a Fi x Fi 
invariant smooth section in the Fi x Fi vector bundle End(i?i) Mi x Mi and so it 
defines a smooth section in the vector orbibundle End(i?i/Fi) Mi/Ti x Mi/Fi. 
Because the vector orbibundles Ei/Ti ^ Mi/Ti, i = 1,2, are isomorphic, there 
exists a unique smooth F2 x F2 invariant section K2 in End(i?2) — > M2 x M2 
which induces the same section via the isomorphism (T, t) at the orbibundle level 
as Ki. The smoothing operator A2 with kernel K2 is F2 bi-invariant, and so it 
is F2 equivariant. The operator A2 induces at the orbibundle level the operator 
{T,t)t, o (^i)a A' o {T,t)*. The statement of the proposition is proved in the case 

In the case (ii) {Ai)x\' is a Fi equivariant operator in ^'(Fiiyi; i?i |p^^^ ). Let 
us denote T'l = (Fi)^^. The Fi vector bundle i?i|p^(y^ FiWi is isomorphic with 

Fi xri (Wi X y) ^ Fi xr; Wi. Observe that Fi Xr; Wi = (Fi x Wi)/T'i. We 
will use the observations regarding the operators R and I made at the beginning 
of section 3.1. Cf. Lemma |3.l| , there exists a T'l equivariant pseudodifferential 
operator I{{Ai)xx') S ^(Fi x IVi;Fi x {Wi x V)) which is Fi equivariant as well. 
An element 7' € T'l acts on Fi x Wi by right multiplication on Fi by 7'"^ and left 
multiplication on Wi by 7'. Let i2/((yli)AA') be the induced operator to the vector 
bundle of F orbits F x {Wi xV)/T Fx Wi /F which is isomorphic toWixV ^ Wi . 



Because I{{Ai)x\') was F'^ equivariant, cf. remark 3T, the operator RI{{Ai)x\') is 
F' equivariant. We have the natural isomorphisms between the spaces of invariant 
sections 

(70) C°°{Wi;Wi X Vf'^ = C°°(Fi x T^i;Fi x (Wi x I/))rixr'i Z 

= C°°(Fi xri T^i;Fi xr^ {Wi x V)f' 
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which can be identified with the space of smooth sections in the vector orbibun- 
dle Ei/Ti ^ Mi/Fi above the open set Wi/r[. The operators RI{{Ai)xx'), 
I{{Ai)x\') and {Ai)\y restricted to the above spaces of invariant sections wiU be 
equal via the natural isomorphisms. In particular they induce {Ai)\\i at the level 
of sections in the associated vector orbibundle Ei/Ti ^ Mi/Ti. 

We define the r2 equivariant operator A2 — {L,l)^. o RI{{Ai)\\') o {L,l)* in 
^'(^2; W2 X V) using the isomorphisms (i, I) provided in the diagram (|6^). (here, 
as before, T'^ = {T2)£,). Let l(A2)_e *(r2 x 1^2; x {W2 x V)) be the 
equivariant operator which induces A2 at the r2 orbit level, and let RI{A2) £ 
^'(r2 Xp' W2:,T2 Xr' {W2 x V^)) be the operator induced at the orbit level. Cf. 



remark 3.1, this operator is r2 equivariant. Using the sequence of isomorphisms: 



(71) C°°(W^2;W^2 X Vf'^ =C°°(r2 X W2;Ti x {W2 x V)f^'''^'^ = 

= C^{T2 xr^ W2;r2 xp. (W^2 x V)f^ 

observe that the operators RI{A2) and A2 act the same way on the corresponding 
spaces of invariant sections and induce {A2)\x' = {T,t)^ o {Ai)x\' o {T,t)* at the 
vector orbibundle level. If we extend RI{A2) by outside the neighborhood T2W2 
we obtain a hft of {A2)x\'. We proved the proposition in the case (ii) as well. □ 



We also have the uniqueness up to smoothing operators of the lift of a pseudo- 
differential operator. 

Proposition 3.3. Let E ^ M aV vector bundle, with T a finite group and E ^ M 
the associated orbibundle. If Ai, i = 1,2 are two classical pseudodifferential opera- 
tors on C°°{M;E) which are T equivariant and induce the same pseudodifferential 
operator on C°°{M;E), then Ai ~ A2 is a smoothing operator. 

Proof. It is sufficient to prove that if A is a classical pseudodifferential operator 
that induces the zero operator on C°°{M; E), then A is smoothing. 

Let i G M be a point such that its projection Tr{x) onto M = M /T is a smooth 
point. We will show that the total symbol of the operator A on a neighborhood 
of X is smoothing (though the total symbol of the operator is not well-defined, the 
property of being a smoothing symbol is independent of the chart around x) . Let 

be a slice at x with respect to the action of the group F. Because the point 
X = 7r(i) is smooth, the isotropy group (r)j is trivial. Let be a smooth function 
on M with support inside W which is equal to 1 on a neighborhood of a smaller slice 
V at X. Let ip he a smooth function on M which is equal to 1 on a neighborhood 
of supp{(j)) and zero outside W. 

4)A(t) is a pseudodifferential operator which is localized on W . We will prove that 
this operator is smoothing. Then A will be smoothing above V where 0=1. 

Let (f) — X]7er l4> be the F invariant extension of <j} to M . Then 0^40 is a 
F equivariant extension to C°° {M; E) of the zero operator on C°°{M;E). Let 
/ G C°°{M; E) be an arbitrary section with support in a neighborhood of supp{ij)) 
that vanishes outside the set {i|V'(i) = 1}. Then / = '^^^^^f is a F invariant 
section that extends /. Because restricted to the F invariant section is equal 
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to zero, we have: 

(72) = 4>M{f) = ^UhY. = 

(73) = V0i0^(^7/)+V^0^0(l-V')(E^/) = 

7er 7er 

(74) = Mcl^if) + {J2 - 4>)l){f) = 

7er 

But 0(1 — -0) has support inside U^^e^W which is disjoint from W so (/)A(/)(1 — ip) 
and so X]7er ~ "0)7 ^-re smoothing. Because / was chosen arbitrary, we 

conclude that (j)A(l) is smoothing so A is smoothing above V. 

Then A is smoothing on the regular set M^cg = {a;|(r)i = (e)}. If xi £ Mging is 
a singular point then, on an Euclidean chart around xi the total symbol of A will 
have the asymptotic expansion 

(75) a(i,O^E 

k>0 

But Mrcg is dense in M so arf_fc(i,^) = on a dense set because a{x,^) is smooth- 
ing on Mj-cg. We conclude that ad-k{x,£,) = on a neighborhood of xi so A is 
smoothing on that neighborhood and thus on the whole manifold M . □ 

We denote by \E'(M; E) or simply by ^E* the space of pseudodifferential operators 
acting on the smooth sections of the vector orbibundle E M. Most of the 
definitions and constructions for the pseudodifferential operators acting on genuine 
vector bundles can be extended to the operators in ^'(M; E). 

The symbol of a pseudodifferential operator A in an linear vector orbibundle 
chart 7^ is a section in the vector orbibundle End(£') A T*{U) and is unique up to 
a smoothing symbol. 

The order of a pseudodifferential operator is the maximum of the orders of the 
restrictions to vector orbibundle charts and denote by '^'^ the subspace of opera- 
tors of order less or equal to d. becomes a filtered algebra with respect to the 
compositions of operators. 

Definition 3.5. A pseudodifferential operator A of order d is called elliptic if it is 
elliptic when restricted to all vector orbifold charts. 

An elliptic pseudodifferential operator A ^ '^'^ has a parametrix B ^ '^^'^ such 
that AB — Id and BA — Id are both smoothing. The construction of B can be 
done locally, in each vector orbibundle chart, as in the case of pseudodifferential 
operators on manifolds. 

In Proposition 2.5 we showed that any vector orbibundle E ^ M can be realized 



as a map between the orbit spaces of a G vector bundle E ^ M , with G a com- 



pact Lie group. If G was finite. Proposition 3.2 shows that any pseudodifferential 
operator acting on G°°{M\ E) can be realized as a G equivariant pseudodifferential 
operator acting on G°°{M;E). The following proposition extend this result to the 
case of Lie groups. 

Proposition 3.4. Let E ^ M be a G vector bundle over a compact smooth mani- 
fold M with G a compact Lie group such that any x £ M has a finite isotropy group 
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Gx C G and denote by E ^ M the associated vector orhihundle of G orbits. For 
any pseudodijferential operator A acting on C°° {M ; E) there exists a G equivariant 
pseudodifferential operator A acting on C°°{M; E) of the same order as A such 
that the restriction to the G invariant sections C°°{M;E)'~^ — C°°{M]E) is equal 
to A. If A is classical then A can be chosen classical. 

Proof. As described in Proposition ^.3| one can find an open cover {Ua)a of the 
orbifold M, a family of finite groups {Go) a , Ga C G, and a vector space V sucli 
that E\ij^ Ua is isomorphic to the associated vector orbibundle of Ga orbits of 

the Ga vector bundle Ua x V Ua and M can be covered with a family of open 
sets {Na)a which are G equivariant difFeomorphic to G Xc^Ua and such that the 

restriction of the G vector bundle E ^ M to Na is difFeomorphic with the G vector 
bundle G XgS^ xV) Gxq JJ hy a, G equivariant vector bundle diffeomorphism. 
The cover {Ua)a can be chosen to be finite because M is compact. 

Using a partition of unity, any pseudodifferential operator A acting on sections 
of the vector orbibundle E ^ M can be written as A = Aa + K where K 
is a smoothing operator with smooth kernel which is zero on a neighborhood of 
the diagonal and Aa are pseudodifferential operators which vanish on sections that 
are supported outside the open set Ua and take sections with support inside Ua 
into sections with support inside Ua ■ For each a we will construct a G equivariant 
pseudodifferential operator Aa acting on sections oi E ^ M whose restriction to 
the G invariant sections induces Aa. 

First let us fix a G bi-invariant pseudodifferential operator Q acting on C°°(G) 
of order d — ord{A) such that Qf = on constant functions /. In all the situations 
Q can be taken to be the d/2 power of the Laplacian A on G with respect to 
a bi-invariant metric on G. Using Proposition 3.2 we can find a Ga equivariant 
pseudodifferential operator Ba acting on the space of sections C°° {Ua;V) of the 
Ga bundle UaXV Ua which induces Aa when restricted to Ga invariant sections. 
The space of smooth sections of the G vector bundle G x {Ua x V) G x Ua is 
equal to C°°{G x F) = C°°{G)(§C°°{Ua; V) so the pseudodifferential operator 
Q (g) 1 + 1 (g) Bq, acts on this space and it has order d. It is G equivariant. The finite 
group Ga acts by a diagonal action on G x {1J x V) and G x U so we can replace 
the above pseudodifferential operator with the Ga equivariant pseudodifferential 
operator j- X^gsG sQ^l + l® Ba . This will induce a pseudodifferential operator 

on the sections of the vector bundle of G„ orbits G Xq^ {Ua x V) ^ G XQ^Ua- 
We will transport it using the isomorphism between the previous G vector bundle 

and £^|7v„ Na to a pseudodifferential operator Aa acting on E ^ M, extending 
it by outside Na. 

We have to compare the actions of Aa and Aa. Let / be a G invariant smooth 
section in C°°{M;E) which induces / g G°°{M;E). It is enough to take / with 
support in Na- In this case / is induced by a Ga invariant section / e C°°{G x 
Ua;Gx{UaXV)) = G°°{G)^G°°{IJ;V) which is G invariant as well Then /(g, u) = 
gh{u) with h G G°°((7; V), h induces / e G°°(M; E) and Aaf corresponds via the 
G equivariant vector bundle diffeomorphism to (Q (g) 1 + 1 x Ba)f = Ba{h) and this 
section induces AaJ S C°°{M ; E). 

We will construct a smoothing operator K in C°°{M;E) whose action on G 
invariant sections induces the smoothing operator K. The kernel of K is given by 
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a smooth section S{x, y) of the endomorphism bundle End(i?) —^MxM which 
corresponds to a smooth G invariant section S{x,y) of the endomorphism bundle 
End(i?) ^ M X M. S is the kernel of a smoothing operator K, which induces K 
when restricted to the G invariant sections of E ^ M. 

The operator A will be the sum of the operators and K. 

If the operator A is classical, we can choose Q to be classical, then Ba, Q + 
1® Ba and Aa are classical so A is classical. 

□ 

3.3. Zeta Function of an Elliptic PseudodifFerential Operator. Let A be a 

pseudodifferential operator acting on the space of smooth sections in a vector orbi- 
bundle E ^ M. Suppose that M is compact and it is endowed with a Riemannian 
metric g and that we have a hermitian structure <, > in the vector orbibundle. 
As in the case of hermitian vector bundles over a closed Riemannian manifold, we 
define the scalar product on C°°(M; E) by the formula 

(76) <f,9>= f < fi{x)j2{x) >x dvol iov h,heC^{M-E). 

J M 

The integration with respect to the volume form dvol can be defined locally on 
vector orbibundle charts. If (J7,r, J7, tt) is such a chart then the metric g and 
the hermitian structure < , > above U are induced by T invariant metric g and 
respectively a F invariant hermitian structure < , > in the T vector bundle U y.V 
U. Let dvol be the volume form on U associated with g. Then define 

(77) / a{x)dvol = — f a{x)dvol 

Ju |r| Ju 

for a e C°°([/)^ that induces a S C°°(J7) (we chose a =< fi, /2 >). It is easy to 
see that the above formula is consistent with respect to the equivalence of charts. 
The completion of G°° {M; E) with respect to the above scalar product will 
be denoted by L^{AI;E). A pseudodifferential operator A defines an unbounded 
operator on L'^{M; E). 

Definition 3.6. The pseudodifferential operator A is called symmetric if 

(78) < Ah.h >=< h.Ah > for aU /i, ^ £ G°^{M; E). 
A is positive if 

(79) <AfJ>>Q for any / G C°°(Af; E). 

Remark 3.3. If A is symmetric, then the restriction A-ji to any vector orbibundle 
chart TZ as defined in ^ is symmetric. This implies that A-ji is induced by a F 
equivariant pseudodifferential operator A-ji which can be chosen to be symmetric 
with respect to the F invariant metric g and F invariant hermitian structure inducing 
g and <, > above U . Indeed, the formal adjoint of the operator A-j^ induces 
An as well, so the symmetric operator ^(^tc + A"^) induces A-ji. 

Then the principal symbol of A, which is induced by the F invariant principal 
symbol of A, is selfadjoint. 

Theorem 3.5. Let A he a positive symmetric elliptic pseudodifferential operator 
acting on the space of sections of a vector orbibundle E A M with compact base 
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space. Then the operator A acting on L'^{M;E) is essentially selfadjoint and its 
spectrum is discrete. 

Proof. Let m = dim{M) and denote by G the orthogonal group 0{m). Let E ^ M 
be the G vector bundle, with M = T{M), such that the vector orbibundle of 
orbits is canonically isomorphic to i? M, as in Proposition ^.5[ Let us fix a 
G bi-invariant metric gm on G so that J^, dgm = 1 and a G bi-invariant positive 
selfadjoint pseudodifferential operator Q of order d acting on C°°(G). As a metric 
gm we can choose the left translations of the opposite of the Killing form on the 
Lie algebra o(m) and Q = A'*/^ where A is the Laplace operator associated with 
the metric g™. 

We will construct a G invariant metric on M which induces the given metric on 
M , a, G invariant hermitian structure on E ^ M which induce the given hermitian 
metric on E ^ M and a G equivariant elliptic positive selfadjoint pseudodifferential 
operator A acting on C°°(M; E) whose restriction to the invariant sections is equal 
to A. 

Let us fix a finite atlas A — {TZa)a of the vector orbibundle E ^ M, with 
'R-a = {ifa,V,Ta,U,Ila,Tra). Then 7l„ = {GxUa,V,Ta,GXr^Ua,IdxUa,IdXTTa) 

forms an atlas for E ^ M . Let ga be the Va invariant metric on [7q which induces g 
on U . Then the collection of Fq invariant metrics gm®ga on GxUa = J'{U) induces 

the G invariant metric g on M. Because E ^ M is the pull-back oi E ^ M with 
respect to the canonical map M — J-{M) ^ M, we define the hermitian structure 

on £' M to be the pull-back hermitian structure. It will be G invariant by 
construction and induces the initial hermitian structure when passing to the G 
orbit spaces. Consider the G invariant scalar product on C°°{M]E) associated 
with hermitian structure and the metric g constructed above. When restricted to 
the G invariant sections, this scalar product is equal with the scalar product on 
G°°{M;E) constructed with the help of the metric g and the hermitian structure 
on E A M. Also L^M: E)^ = L^{M- E). 

The pseudodifferential operator A acting on C°°(M; E) constructed as in Propo- 



sition 3.4 will be symmetric with respect to the scalar product on C°°{M;E). By 
construction, the principal symbol of A is equal to qpr ® Id + apr where qpr is the 
principal symbol of Q and apr is the principal symbol of A. Because Q and A are 
positive symmetric elliptic pseudodifferential operators, the operator A is elliptic 
as well. Because M is compact, the operator A acting on L'^{AI;E) is essentially 
selfadjoint. The restriction of A to the closed subspace of G invariant sections 
L^{M; E)'^ = L?{M\ E) which is equal to A is essentially selfadjoint. The spectrum 
of A is real and discrete so the spectrum of A is a discrete subset of R. □ 



To show that the complex powers of the elliptic positive selfadjoint operator A 
are pseudodifferential operators, one can apply the same local approach as in [ ^ef , 
and use approximations of the resolvent of {A — A) in order to show that A^ are, up 
to a smoothing operator, pseudodifferential operators of complex order s. Because 
all the proofs follow in the same way with minimal complications, we will not repeat 
them in our paper. For Re{s) < the distributional kernel of A* is continuous 
and A* is of trace class. 
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We can relax the conditions imposed on the operator A, and prove an analogous 



statement to Theorem 3.5. Suppose that n is an Agmon angle for A. Then one can 



define the complex powers of A as 

(80) A' = [ X'(X- A)-^ d\ wheni?e(s)<0 

(where p is a contour in the complex plane obtained by joining two parallel half-lines 
to the negative real axis by a circle around the origin) and 

(81) = K^'^A'; for Reis) > 

for large enough k € that makes s — k < Q. Obviously, if A is positive selfadjoint 
then TT is an Agmon angle for A. 

Proposition 3.6. Let A be an elliptic pseudodijferential operator of positive order 
d acting on the space of sections of a vector orhihundle E ^ M with compact base 
space. Suppose that n is an Agmon angle for A. Then the operator A acting on 
i^(Af; E) has a discrete spectrum and its complex powers A^ are pseudodifferential 
operators of complex order sd. 

Proof. The proof is analogous to the proof of Theorem |3.5| We construct the op- 
erator A acting on sections of the G vector bundle E ^ M with the help of a 
G bi- invariant elliptic selfadjoint pseudodifferential operator Q acting on G°°{G). 
The principal symbol of A is equal to dpr = Qpr Id + Opr with qpr the principal 
symbol of Q and Opr the principal symbol of A. Because tt is an Agmon angle 
for A, the spectrum of apr{x,S.) is disjoint from the region in the complex plane 
C — {z\ arg{z) G (tt — e, tt -|- e)} U {z \ \z\ < e} for a small enough e > 0. Because 
Qprix,S.) is selfadjoint the spectrum of a(x,^) is disjoint from C. We conclude that 
TT is an Agmon angle for A. Then A is elliptic and has a discrete spectrum. A 
being the restriction to the G invariant sections will have a discrete spectrum as 
well. The complex powers A^ are well defined and are pseudodifferential operators 
of order sd so the restriction to the G invariant sections, which are equal to A^, 
are pseudodifferential operators of order sd. □ 

Throughout the rest of the chapter we suppose that tt is an Agmon angle for 
the elliptic pseudodifferential operator A. The complex powers A'^ = A^ will be 
defined as in (Mi and iM). 



Definition 3.7. The zeta function of the operator A is equal to 

— 771 

(82) Ca(s) = Trace(^') for Re{s) < —. 

We will prove the following theorem: 

Theorem 3.7. The zeta function of an elliptic pseudodifferential operator A acting 
on the sections of a vector orbibundle E ^ M can be extended to a meromorphic 
function on C with at most simple poles at s = — fc = 0,l,2,.... The residues 
are integrals on M of Dirac-type densities which can be explicitly computed in terms 
of the asymptotic expansion of the total symbol of the operator A. 

Proof. Let A = {Ua, V, Ta, Ua, Hq,, 7rQ,)a be a fixed finite atlas of linear orbibundle 
charts . Using a partition of unity we can decompose the complex powers of the 
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operator A as 

(83) A'=Y,K + Ks 

a 

where are pseudodifferential operators of order sd with support inside Ua and 
Ks is a smoothing operator. We can arrange for A^ to take smooth sections with 
support inside Ua into smooth sections with support inside Ua- The trace Tr{Ks) 
is defined for s G C and it is a holomorphic function on the complex plane. In order 
to prove the theorem, we will show that the statement in the theorem holds for the 
trace of the operators A^. We will show that Tr{A^^) is a meromorphic function 
on C with at most simple poles at s = , k = 1,2, ... , and that the residues 

are computed as integrals on M of Dirac-type densities. 

can be seen as a holomorphic family of pseudodifferential operators of order 
sd acting on the smooth sections of the vector orbibundle E^jj^ ^ Ua- For the 
sake of simplicity, we will drop the index a and denote A"^ by Ag. There exists 
a holomorphic family of T equivariant pseudodifferential operators As of order sd 
acting on the sections of the F vector bundle U xV U which induce Ag on the F 
invariant sections. This family is unique up to smoothing operators, cf. Proposition 



3.3. Then the component corresponding to the trivial representation of the trace of 



As and of the residues will be equal to respectively the trace functional of As and 



its residues. Theorem 1.4 shows that the component of the trivial representation of 



trace functional is a meromorphic function with at most simple poles at s = 



for fc = 0, 1, 2, . . . . From Theorem 1.5, the component of the residue of the trace 



functional Tr{As) corresponding to the trivial irreducible representation is: 
(84) res^s=^TT{As^^,) ^ ^ 



7 

U-' 



where {rfl^-yev are F Dirac-type densities on U constructed from the total symbol 
of As which on the chosen linear vector orbibundle chart coincides with the total 
symbol of the pseudodifferential operator As on U . 



Though the statements of Theorems 1.4 and 1.5 refer to the complex powers of 



a pseudodifferential operator, their proofs can be slightly changed and adapted to 
include the case of holomorphic families of pseudodifferential operators and so the 
conclusions listed above are still true. 

The F Dirac-type density {'7^}7er defines a Dirac-type density on the orbifold 
U which we will denote by rjk. Observe that the formula (|8j) is equivalent to 

(85) res|,^^™+. Tr(A,) ^ ( T^k 

The Dirac-type density whose integral on M is equal to the residues of the zeta 
function Qa sX s = ^^^^ equal to the sum of the Dirac-type densities rj^ 

constructed as above on the charts of the vector orbibundle. 

□ 



Using Proposition 2.S, we can reformulate Theorem 3.7 and express the residues 
of the zeta function of A in terms of integrals of smooth densities on submanifolds 
of S{M) associated with the canonical stratification. 

Theorem 3.8. The zeta Junction oj an elliptic pseudodifferential operator A acting 
on the sections of a vector orbibundle E ^ M can be extended to a meromorphic 
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function on C with at most simple poles at s — , k = 0, 1, 2, ... . For each 

k >0 there exist densities rj^^^k on the strata of the canonical stratification of M 
such that the residue of the zeta function at s = ~™^^ is the sum of integrals of these 
densities. On each strata the density rj^^k can he explicitly computed in terms 
of the asymptotic expansion of total symbol of the operator A in a neighborhood of 

Proof. For each v G 0{M) and fc > 0, the density rj^^k can be obtained as foUows: 
let X G Ml, and (C/, V, F, U, H, tt) be a hnear vector orbibundle chart centered at 
X. Observe that V £ v and the map tt : — ^ J7 n is a local difTeomorphism. 



Theorem 3.7 gives us Dirac-type densities rjk on M whose integrals are equal to the 



residues of the zeta function and can be computed explicitly in terms of the total 
symbol of A. These densities can be described above U as families of densities {rfl} 
such that rfl is a smooth density on U'^ . Consider the density on given by 

(86) '7r.fc vl\u^ 

dim.{U^)=dim{tj"') 

Define rjv^k on M„ to be the density whose restriction to U is equal to 7r,(?7r,fc). 

As proved in Proposition ^.Sj the integral on M of the Dirac-type density rjk and 
the sum of the integrals of the densities r]i,^k on the strata for v € 0{M) are 
equal, so they are equal to the residue of at s = . 

□ 
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Appendix A. Proof of Theorem |1.1| 



Proof. Let J7 be a Fj^-invariant open neighborhood of x in M such that jUOU = 
for 7 G r\ra;. Let /i' : Fx x Tx{M) Tx{M) be the Hnear representation of F^: on 
the tangent space at x generated by the action of F^^ on U. Choose a F^; invariant 
metric on U (this can always be done by averaging a metric over the finite group 
Fa;). Then the exponential map exp : Tx{M) U isTx equivariant. Indeed, if s{t) 
is a geodesic curve with s(0) = x and s'(0) ~ X <^ Tx{M) then, for 7 G F^;, 7 ■ s{t) 
is again a geodesic curve and (7 • s)'(O) ~ fi'{'-f)X. So exp{fi' {'-f)X) ~ 7 • s(l) = 
7 • exp{X). One can choose a smaller [/ such that the exponential map realizes a 
diffeomorphism between a F^, invariant neighborhood of in T^^M) and U. If we 
fix a linear isomorphism Tx{M) = R™ and transport the action of F^; on Tx{M) 
via this isomorphism, we obtain a linear representation /i : Fj, x R™ M™ and a 
Tx equivariant diffeomorphism between a neighborhood O of the origin and U. 

Using the pull-back via this diffeomorphism we can replace the bundle E^jj ^ U 
by a new F^; vector bundle such that the action of Fj, on the base will be the 
restriction of a linear representation to an open neighborhood of the origin. The 
point X corresponds to the origin 0. For the sake of simplicity we will use the same 
notation for the new bundle. 

Consider now a linear connection V in the F vector bundle E\u ^ U . The group 
Tx acts on the space of connections, and we can make V to be invariant with respect 
to Tx by replacing it with the connection V + "^-^ev (7*^ ^ We will define 
the bundle map ^E* between the trivial F bundle U x Ex U and E^jj ^ C/ as 



for a point y and a vector X E Ex, let ^'(y, X) — Y he the vector in the fiber of 
E above y obtained by parallel transport of X along the curve (f){t) =ty, t G [0, 1]. 
The vector space V as in the statement of the proposition will be equal to Ex with 
the action of F^, induced from the action of F on the total space of the bundle. 

\1/ is a vector bundle isomorphism and we have to show that ^ is F^: equivariant. 
If (^(t) is the path in E that realizes the parallel transport from XtoY = '^{y, X) 
above (pit), and 7 € Fa,, then, because the connection is F^, invariant, the path ^-(pit) 
realizes the parallel transport between 7X and above the curve ^(7 • 4){t)) — 
7 • 4>{t) = j{ty) — t{-fy) (we used the fact that the action of Tx on U is linear). 
Then jY = '^{jy,jX), so ^' is F^, equivariant. 

For U C M as above the set F • J7 = lJ7er 7^ ^ ^^^'^ reunion of disjoint open 
sets 7iC/ with {71, 72, . . . } a complete system of left coset representatives for T/Tx- 
Then F Xr^ U ^ T ■ U given by u{-f,y) = 72/ is a diffeomorphism, where F Xr^ U 
is the cross-product T x U/ ^ , with (77', y) (7, j'y), for any 7 € F, 7' G F^^ and 
y £ U. Moreover, u is F equivariant. The action of F on the cross-product T x-p^U 

is by left translations. The restriction of the vector bundle E^n; F • [/ is trivial 
and a trivialization is given by 



follows: 



F xr, (O X Ex) 




p 



F xr, O 



T-U 



The bundle isomorphism is also F equivariant. 



□ 
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Appendix B. Proof of Theorem 1.3 



Proof. Let {Ua} be a finite cover of M with open sets as in Proposition 1.1 so 



that the restrictions of the P bundle E ^ M to the subsets Ua are isomorphic to 
Pa; trivial vector bundles for some x ^ Ua. Then {P • Ua} is a finite open cover 
with P invariant open sets. Consider a partition of unity {(j)fj\ subordinated to 
the open cover {P • Ua} such that the functions (ji/j are P equivariant. One can 
choose the open cover and the partition of unity such that for any /3 and (3' either 
supp{(l)p) n supp{(j3f3') = or supp{(j3f3) n supp{<pi3') CT ■ Ua for some a. Then the 
operators (j)^ ■A''-(j)pi are either smoothing (in the first case) or have the support and 
range included in the space of sections that vanish outside the open set P • Ua (in 
the second case). Consider the trivialization by the P vector bundle isomorphism 
(P Xr^ {Oa X E^), P Xp^ Oa) ^ iE\r-Uc^ ^ • Ua). Let as{x,£,) the complete symbol 
of the operator <j)p ■ A'^ ■ in this trivialization. Then for a section / with compact 
support in P • Oa we have: 

(87) i^f, ■ A^ ■ Mif)i^) ^ jj e^<'^-y^^>a,{x,i)f{y)dyd^ 

where (f^ ~ (27r)~™d^ and the double integral is computed over K™ x R™. To keep 
our notation simple, we will drop the indexes a and (3 and denote ■ A'^ ■ (ppi by 
As. The action of T on / is given by Tf{x) = Tf{t-^x). Then 



(^or)/(x) = jje'<--y'i>as{x,£)oTf{t-^y)dyd^ 
and after the change of variable y <—> ty 

(89) = [ [ e'<-''y^i>as{x,0 oTf{y)\det{t)\dyd^ 



We can choose the trivialization in such a way that \det{t)\ = 1. The distribu- 
tional kernel of As oT will be equal to Ks{x, y) = J e^'^^'*-^'^'' as{x, ^) o TdS,. For 
Re{s) < — ^ the trace of this operator is equal to the integral 

(90) Tr{As oT) = J J e*<^-*^'«>Tr(a,(x, ^ ° T) d^ dx 

We will choose the open cover Oa so that either t has fixed points inside Oa or 
1 1 a; — 1 1 > e for all x G Oa for some fixed e > 0. In the second case we will show 
that the trace function Tr{As o T) can be extended to the whole complex plane. 
Indeed, if we denote by H-D^P the differential operator — (^ + + • ■ • + ^2-) 
we have ||i:)^||2''e*<^-*^.?> = \\x - txfe'<''-*'''^> . Then 

(91) Tr{AsoT) = JJ e'<^-''''^>Tr{as{x,^) oT)d^dx ^ 

(92) =JJ " Tr{as{x,OoT)d^dx 
and after integration by parts 

(93) II ^iTfalP \\D,r Trias (x, g) o T) d^ dx 

For a fixed half-plane Re{s) < K if we choose a large enough e N the expression 
\\D^\\'^''{Tr{asix,0 o T) is a symbol in 5"^"(0) so it is absolutely integrable and 
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gives after integration a holomorphic ftmction in s in the half-plane Re{s) < K. It 
follows that on open sets where — tx|| > e the trace function Tr{As o T) has a 
holomorphic extension to the complex plane C. 

Consider now a set O = Oa so that t\o has a nonempty fixed point set. The 
diffeomorphism t is given by 7. Denote TV = . Let x G O such that 7 e Fa,. 
As shown in Proposition 1.1, we can choose x to be the origin in O C M™ and 



Tx act on O by linear isometrics. Then t is the restriction of a linear isometry 
and its fixed set iV n O is the intersection between a linear subspace Ft of M™ and 
O. The dimension of Ft is one of the dimensions rii of the connected components 
of the fixed point set A''. For the sake of simplicity we will denote it by n. Let 
{xi,X2) be linear coordinates on R"* so that xi are coordinates along the fixed- 
point set Ft and X2 are normal coordinates to Ft. In these new coordinates t has 
the form {^qj) with t an (m — n) square matrix whose eigenvalues are different 
from 1. Let ^ = (^1,^2) be the coordinates in the cotangent space corresponding 



to the coordinates x = (xi,X2). Using the new coordinates in the equation (90) 
Tr{As o T) wiU be equal to 

(94) J I e*<("i'"^)-("i'*"^)'(«i^«^)>Tr(a,(a;i,X2,ei,6) °T)(faff6rfa;irfa;2 = 

(95) = [[ e'<^'''~'^^-^i->Tr{as{xi, X2, ^1,^2)0 T)d^id^2dxidx2 



Because t is a matrix whose eigenvalues are different from 1 , the matrix (t — Id) is 
non-degenerated and if we use the change of coordinates w = (t — Id)x2 the above 
integral becomes 



(96) 



-i<'W,^2> 



Tr{a,{xi, [t - Idy^w, ^1,^2) o T)\det{t ~ Id)\-^ d^id^2dxidw 



(97) 



e-^<^'i^>Tr{asixi,w,^i,S,2) oT)\det{t - Id)\-^ d^idS,2dxidw = 



(98) 



Tr 



as{xi,w,^i,S,2) d^id^2dxidw ] oT 



\det{t - Id)\~ 



where fls (2^1 , w, ^1 , ^2 ) = o,sixi, {t — Id) ^ ^ w, ^1 , ^2 ) is a classical symbol of order sd 
in (^1,^2) and with compact support in {xi,w). For Re{s) < — ^ the integrand is 
absolutely integrable so we can apply Fubini's theorem and get: 



(99) Tr 



-i<W,^2>-TT 



as{xi,w,(i,^2)d^2dw)d(idxi oT 



\det(t~Id)\- 



We will need the following result: 



Lemma B.l. If as{x,S,) = as(a;i, 2:2, ^1, ^2) is a classical matrix valued symbol of 
complex order sd then, for Re{s) < — , the expression 



(100) 



'^<--'i->as{xi,X2,^l,i2)d^2dX2 
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is a classical symbol of order sd with the asymptotic expansion 

(101) 6.(xi,ei)^^^(i?^,9gas)(xi,0,a,0) 

a 

If Os is a holomorphic family of symbols then there exists a holomorphic family of 
symbols bg defined for s G C such that bs — bs is a holomorphic family of smoothing 
symbols. The asymptotic expansion of bs{xi,S,i) is given by (101). 

We will postpone the proof until the end of the proof of the main theorem. 
Using the above lemma for Re{s) < — , the trace of o T becomes: 

(102) Tr{As oTj^Trl b,{xi,£,i) d^idxi oT] \det{t - Id)\-^ 



where the integration is taken over the cotangent space of the fixed point set NOO. 
Because bg — 6s is a smoothing symbol, the difference between the integral above 
and 



(103) '^^\JJ ^^(^i'^i)'^^i^2;ioTj |det(t-/d)r' 

is a whole function. We will show that, as a function in s £ C, the above expression 
has a meromorphic extension to the complex plane. Let us consider the asymptotic 
expansion as a classical symbol 

(104) 6s(xi,Ci) -^^6s^^(a;i,a) 

with bs^i{xi,S.i) homogeneous of degree sd — i in ^i. Let V'(Ci) a positive, real 
valued smooth function which vanishes on a neighborhood of the origin and is equal 
to 1 for 11^1 II > 1. Let us fix a half-plane Re{s) < K. For a large enough ly the 
difference bs{xi,^i) — J2'i=o , ^i) is a symbol in S~"{N n O) for any s 

with Re{s) < K. Then on this half-plane the difference 



Tr i^jj b,{xi,^i)dCidxioTj \det{t ~ Id)\-^ 

(105) . . 

-Y.^^'i ^{^i)bsAxi:ii)<I^idxioT]\det{t-Id)\-^ 



is holomorphic. We will have to prove the existence of a meromorphic extension 
and find the poles and residues for each of the functions 



(106) ^'^^''[Jj ^i^i)^sAxu^i)<t^idxioTj\det{t~Id)\-' 

Because V'(?i) = 1 for ||^i|| > 1 and the integral on the compact set |^i| < 1 yields 
a holomorphic function in s we need to study the meromorphic extension of 

(107) s^Tri [ [ bs,i{xi,ii)dixdxioT\\det(t- Id)\-^ 

\J Nno J\e,i\>i ' J 

Let ^1 = with A = ||^i|| and ^ — G S*"^^ be the decomposition in polar 

IICill 

coordinates. The degree of homogeneity of bg^i in is equal to sd — i. Then 
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bs,i{xi,X^) = ^bs,i{xi,^) and after passing to polar coordinates, the expression 



(108) 



( P-OTD becomes: 
)8) 

Tr( [ f f X"'-%4xi,l)X''-^ dXdldxi o T ) \det{t - Id)\-^ = 
Trf f f bs4xul) f X''^+''-^-'dXdldxioT]\det{t- Id)\-^ 



(109) 
(110) 



, :Tr( f f bs.^{xl,Od^dxloT]\det{t-Id)\-^ 

sd + n-i KJNnoJs"-^ J 



The double integral defines a holomorphic function on C, so the above expression 

-n± 
d 



has a meromorphic extension to C with a simple pole at s = 'V'"^ and residue: 



(111) -iTrl f f bs.^{xl,Od^dxloT]\det(t-Id)\-^ 

" XJNnO Js"-^ J 

As a consequence, the trace functions Tr{As o T) and Tr{A'^ o T) have mero- 
morphic extensions on any half plane Re{s) < K and so on C. 

We will proceed with the computation of the poles and residues of Tr[As o T). 
We observed that on the half space Re{s) < K the difference 

(112) rr(^sor)- Vrr ( / / bs,,{xi,^i)d^idxioT\\det{t~ Id)\-^ 

1=0 \JNno J\^i\>i J 

is holomorphic. Then Tr{As o T) has simple poles at s = for i = 0,1, . . . and 



the residue at s = is equal to the expression in (111). Lemma B.l gives an 



d 

asymptotic expansion of bs{xi,^i) of the form: 

(113) 6,(a:i,Ci)~^^(i?S5ga,)(xi,0,a,0) 

a 

with as{xi, w, '^1,^2) — dsixi, (t — Id)^^w, Ci, '^2) If '^s.i is the asymptotic 

expansion in homogeneous terms, with as,i homogeneous of degree sd — i, then the 
homogeneous component of degree sd — i of bg will be equal to 

(114) 6,,,(xi,a)= E ^iDZdga,,k){xi,0,^i,0) 

|q|+/c— 2 

with as,kixi,w, Ci, ^2) = as,k{xi, (i—Id)^^w, ^1, ■^2) of degree of homogeneity sd—k. 

To conclude the proof of the theorem, consider the fixed point set N = and 
a coordinate chart O where N = NiP^O. Let Ui = dim(Ni n O). We define the 
densities ry^^ that compute the residue of the zeta function at s = as: 

(115) ??i'^fc(a^i) = ~3rr( /" bs^m-m+kixi,'^) d'^ o T) dxi if k > m - 

(116) Ty^j, =0 ii k < m — Ui 
and 

(117) d] ^ \det{t - Id)\-^ 
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□ 

We will now continue with the proof of Lemma B.l. We will follow closely the 
ideas contained in the proof of Theorem 3.1 in ph|]. 



Proof of Lemma\Bj. We have \\a,{x,^)\\ < C(l + ||f so for Re{s) < 

the integral defining is absolutely convergent so one can change the order of 

integration in ( |lOC| ). Consider the Taylor expansion of as(xi, X2,£,i,£,2) near ^2 = 



(118) a,(xi,X2,Ci,6)= E ^idla,)ix,, X2, ^1,0)^^ + Rq 



|q|<Q-1 



(119) rQ= J2 ^ f\l-t)Q~\dlas){xuX2,^i,t^2)dt 



with the reminder in the integral form 
We have 

(120) J I e-'<--'^^>^^{dlas){x,,X2,iiM2dx2d^2 = ^(7^?,9ga.)(a;i, 0, 6, 0) 

the double integral being the composition of the Fourier transform in X2 and the 
inverse Fourier transform in ^2 evaluated at 0. Because Os is a classical symbol of 
order s, the right-hand side term of the above equality is a classical symbol of order 
s - \a\. 

In order to prove that hs{xi, ^1) is a symbol with the asymptotic expansion as in 
(100) we need to show that the integral of the remainder // e~'^'^^^'^^^rQdx2<t£,2 
is a symbol of arbitrary negative order if Q is chosen large enough. After changing 
the order of integration of dt and dxdS,2 we see that it will be sufficient to provide 
a uniform estimate in t G (0, 1] for the integrals 

(121) i?a,t(xi,ei) = II e-'<^''^->^^{dgas){xuX2,^ut^2)dx2d^2 
with I a I = Q. Integrating by parts we get: 

(122) RaA^i,^i)^ II e-'<'''^^'>{D^^dgas){xuX2,^i,t^2)dx2d^2 

Let Ra^t = t + ^a.t where i?^ ^ is the integral over the set D = 
{(2^2,^2) I IIC2II < \\^i\\} and ( is the integral over the complement. The vol- 
ume of D is bounded by C||^i||" where C doesn't depend on t, xi and ^1. On D we 
have 11(6,^6)11 < 2II6II so the integrand in R^ t is bounded by C(H- 1|6||)^*''^^~'^- 
Thus 

(123) \\RU^i,^i)\\<C{l + \Mf<^^''^+- 

with C independent of t, xi and 6- 

By using the identity (1 -|- ||6f )"''(1 + f )''e~'<^2^«2> = e~'<''^'i^> and 
integrating by parts, we can rewrite i?^ j as a sum of terms of the form: 

(124) // e-^<^^'i^>{l + U2\\T''idtAas){x^,X2.^ut^2)dx2d^2 

J J ll«2||>||?l|l 

with |/3| < 2v. Because ||6|| < II6II, the expression (c^l*^ Z?^^ a^) (xi, a;2, 6, ^6) is 
bounded from above by C||6 11^^^^''^'' for Re{s) > Q and by C otherwise. The 
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C 



constant C doesn't depend on /3, t, and ^2- For v large enough the previous 
integral is bounded by 

(125) 

/ (1 + Wi^wy'di^ < cuiir' {I + ii6ii)-"-ve2 < ^11^111-"'+"+^ 

"'ll«2||>||«l|l -J 

with v' arbitrary large. Thus 

(126) \\RaA^i,^i)\\<C\M''''^'^-'^+'' 

for an arbitrary Q with the constant C independent of (a;i,^i). 

Using Proposition 3.6 and Theorem 3.1 in [3h| we conclude that bs{xi,£,i) is 
a symbol of order s and has the asymptotic expansion given in (101). If Os is a 
classical symbol then bg is classical as well. 

For the second part of the proof, let us consider the positive, real valued smooth 
functions V'i(Ci)j for i £ N, such that ^pi = on the ball of radius i and ipi = 1 
outside the ball of radius i + 1. Let 

oo ^ 

(127) 5.(xi,Ci) = 5]V'.(ei)(E ^{D".dga.)i^uO,ii,0)) 

i=0 |ct|=i 

It is obvious that bg — 6^ is a smoothing operator. If is a holomorphic family of 
symbols for s G C then bg defined as above is a holomorphic family as well. □ 
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